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Preface

These lecture notes contain the material covered in a lecture course taught at KSE in Spring 2026. The
key prerequisite for the course is a basic knowledge of commutative algebra (including the prime spec-
trum of a ring) and some sheaf theory.

Algebraic geometry is the study of algebraically defined geometric objects, such as algebraic varieties
(roughly, zero sets of systems of polynomial equations in many variables, over an algebraically closed
field) or schemes (spaces which locally look like the prime spectrum of a commutative ring). It has a
close relationship with commutative algebra, differential geometry, complex analysis, number theory,
and representation theory. The goal of the course is to introduce the audience to the basic objects of
study in algebraic geometry: algebraic varieties and schemes, and (sheaves of) modules over them. The
last lecture showcases the power of the theory thus developed by giving a proof of the Weil conjectures
(Riemann hypothesis) for curves over a finite field.

The notes are in several places incomplete and might be updated in the future. and
orange boxes M indicate things left to be filled in. Comments (including typos) are very welcome.



1. Lecture 1 (Jan 13): Affine algebraic sets
Course info
* shelter 8 (building across the street; follow the crowd)
* course website: https://achinger.impan.pl/ag2026.html
* email: pachinger@impan.pl
* Moodle, Slack, Zoom, Google Drive

» weekly homework posted on the course website, submit solutions by email with filename Lastname-N. pdf
where N is the number of the problem set

* extra credit: problems marked with an asterisk (due end of term), short (3—5 pages) term papers
on a topic of your choice (more info soon)

* reading week (no class): Apr 6-10, exam (written or oral) in the last week (Apr 14 or 16)
* office hours: Thursdays 10am (email me if you plan to come)

* I might post some lecture notes (in fact, I am just doing that)

* literature (see Google Drive):

. [Kem93] G. Kempf Algebraic Varieties (excellent for a one semester course)

. [Kem93] R. Hartshorne Algebraic Geometry (a bit heavy for us, but we will read parts of it)
. [Vak25] R. Vakil The Rising Sea: Foundations of Algebraic Geometry

. [Rei88] M. Reid Undergraduate Algebraic Geometry

.l

hn B~ WD =

Mum99] D. Mumford The Red Book of Varieties and Schemes

1.1. Affine algebraic sets and their k-points
Recommended reading for this lecture: [Har77, 1.1] (and bits of 1.2).

Algebraic geometry studies algebraically defined geometric objects, of which the most basic are (affine)
algebraic sets. Fix a field k and consider a system of polynomial equations in n variables

H(h,....T,)=0
X: (1.1.1)

fr(T]r-'aTl’l):O

where f1,..., f, € k[T1,...,T,]. Importantly, our basic object X is this system, not its set of solutions in
k", which we denote by X (k):

X (k) ={(x1,...,x0) €L" ¢ fi(x1,...,xy) =0fori=1,...,r} Ck"

More generally, if K is a field containing k (or just a k-algebra), we can define X (K) C K" as the set of
solutions of (1.1.1) in K". We also define the coordinate ring of X as the k-algebra

A=OX)=K[Ti,.... T/ (firo o f).

Examples 1.1.1. The most basic examples of systems of polynomial equations:


https://achinger.impan.pl/ag2026.html

(a) If r =0 (i.e. n variables and no equations), we call the system the affine n-space and denote it by
A". We have A"(K) = K" and O(A") = k[T1,...,T,]. For a system X with n variables, we write
X C A" to signify that X (K) C K".

(b) A hypersurface is the system consisting of a single equation f(7T1,...,T,) =0, where f € k[T, ..., T,]
is a non-constant polynomial (often assumed to be irreducible). If deg(f) = 1,2,3,4,5,6,7,8 we
call f a hyperplane, a quadric, a cubic, a quartic, a quintic, a sextic, a septic, an octic.

(c) A plane curve is a hypersurface in A2, i.e. a system C with a single equation
fX.Y)=0

where f € k[X,Y] is a non-constant polynomial. For example, the lemniscate of Bernoulli is de-
fined by the equation
(X2 +73)?=Xx>-Y12

(d) If deg(f) =2 and f is irreducible, we call C a conic. That is, a conic is a quadric hypersurface in
AZ,

(e) Consider k =R and the conic C defined by
X2 4+yv?=—1.
We have C(R) = 0. However, O(C) # 0 and C(C) # 0.

(f) The “fat point” X C A! defined by the single equation
T? =0.

We have O(X) = k[T]/(T?), which is non-reduced (has a nonzero nilpotent element, namely T').
For any field K, we have X (K) = {0}, which is the same as for the equation X’ : 7 = 0. We need
more advanced technology (schemes) to distinguish between the geometric objects X and X’. For
now though we shall mostly stick to systems of equations which give reduced k-algebras.

We note that the algebra A = O(X) “remembers” the set X (K), namely we have a bijection
X(K) = Homy(A,K)

between the set of K-valued solutions and the set of k-algebra homomorphisms from A to K. Indeed,
givingamap ¢: k[T},...,T,] — K is the same as giving its values x; = ¢ (7;) i.e. an element (xy,...,x,) €
K". Such a map factors (uniquely) through A =k[Ty,...,T,]/(f1,..., f) if and only if ¢(f;) = 0. But

O(fi(Th,-- 1)) = fi(9(T1),-., 0(Th)) = filxr, -, Xn)

which happens precisely when (xi,...,x,) € X(K).

Thus, a system X (1.1.1) determines A which determines the solution set X (k). We regard X as too
rigid, the set X (k) as too primitive for describing a geometric object (for example, it could be empty),
and the algebra A as just right.

The distinction between X, A, and X (k) becomes less serious when k is algebraically closed, and
indeed most of the methods of algebraic geometry are developed over k = k, even if the motivation is the
study of X (k) for k =R, Q, or a finite field. Life is easier over an algebraically closed field k thanks to
Hilbert’s Nullstellensatz, which says that the only reason for the system (1.1.1) to have no solutions in
k" is that we can algebraically rearrange the equations to obtain the equation 1 = 0:



Theorem 1.1.2 (Hilbert’s Nullstellensatz). Consider a system of polynomial equations (1.1.1) over a
field k. The following are equivalent:

(a) X(K) =0 for every field K containing k;
(b) X (E) =0, where k is an algebraic closure of k;

(c) there exist polynomials hy, ... h, € k[T1,...,T,] such that

IL=hfi+--+hfr

(d) O(X)=0.
Proof. The implications (a)=-(b), (c)<(d)=>(a) are obvious. We shall deduce the remaining (b)=-(d)
from the following theorem, another version of Nullstellensatz.

Theorem 1.1.3 (Basic form of Nullstellensatz). Let k be a field and let K be a finitely generated k-algebra
which is a field. Then K is a finite extension of k.

Last term, which we proved it using the Artin—Tate lemma. Just for fun, let us give a simple proof in
case k is uncountable (e.g. k = C). Note first that it suffices to show that every x € K is algebraic over k
(as a finitely generated algebraic extension is finite). Suppose x € K is not algebraic over k, then we have
an injection k(7') C K. Now, we get a contradiction because

* k(T) has uncountable dimension over k, as the elements 1/(7 — @) are linearly independent over
k for a € k and k is uncountable;

* K has countable dimension over k, since being finitely generated over k it is a quotient of k[T1, ..., T,]
for some n > 0, and this space has a countable basis consisting of all monomials in the 7;.

To show (b)=-(d), suppose A = O(X) # 0. Thus A has a maximal ideal m, and K = A/m is a field
which is generated over k by images of the 7;. By the above theorem, it is finite over k, and hence we can
find an embedding K C k, so that X (K) C X (k). Now, by construction X (K) = Homy (A, K) is non-empty

(because we have the quotient map A — A/m = K), and hence X (k) is non-empty. O

From now on we shall assume that & is algebraically closed.

This assumption implies in particular that the set X (k) = Homy (A, k) coincides with the set MSpec(A)
of maximal ideals of A. I will also use A" to mean A" (k) = k.

Definition 1.1.4. Let P = k[Tj,...,T,] be the polynomial ring.

(1) For f € P, we write
V(f)={(x1,...,xy) €K" 1 f(x1,...,x,) =0}
and D(f) = K"\ V(f).

(2) For an ideal I C P, we write V(I) = ¢,V (f). (Note that we do not define D(I).)
(3) An affine algebraic set is a subset Z C k" of the form V (I) for some I C P.

(4) For a subset Z C k", we denote by J(Z) C P the ideal

J2Z)={f€P: f(x1,...,x,) =0forall x € Z}.

Note that for fi,...,f, € Pand I = (fi,...,f,) wehave V(I) =V (fi1)N...0OV(f,).



Proposition 1.1.5. Let P =k[Ty,...,T,] be the polynomial ring.
(a) For any family of ideals Io C P we have (\V (1) =V (Y. 1x)-
(b) For two ideals I,J C P we have V(IJ) =V (INJ)=V(I)UV(J).
(c) Affine algebraic sets are the closed sets for a topology on k" (called the Zariski topology).

(d) The open sets D(f) form a base for the topology on k" closed under pairwise intersection: D(f)N
D(g) = D(f¢g)-

(e) For every subset Z C k", the ideal J(Z) is radical and V(J(Z)) = Z (the closure of Z).
(f) For every ideal I C k" we have J(V (I) = VI (the radical of I).

(g) The maps V and J establish mutually inverse bijections between closed subsets of k"' and radical
ideals of P.

Proof. Everything is easy to show except for the containment J(V (1)) C /I in (f), another form of the
Nullstellensatz. Let us deduce it from Theorem 1.1.2. Write I = (fi,..., f,). We must show that if g € P
vanishes on V(fi,..., f,) then g" € I for some n > 1. Equivalently, g is nilpotent in A = P/I. Consider
the system of equations in n+ 1 variables T1,...,T,, T,11:

fA(n,....1,)=0

!/

fr(Tla"'an) =0
g(Tl,...,Tn)-Tn_H—l:O.

Then the assumption V(g) 2 V(f1,..., ) is equivalent to X'(k) = 0. Thus by Theorem 1.1.2 we have
A’ =0 where A’ = O(X’). However

e (k[Tl,...,Tn]

) T/ (8Tsn — 1) = Alg )

(fl PR 7fr)
the localization of A at g. Then A’ = 0 means that 0/1 = 1/1 in A[g~!], which by definition of localization
means that g"” = 0 in A, and we are done. O

Note that the last result implies that we can recover A up to nilpotents from the set X (k) C k":
Corollary 1.1.6. We have A/\/0 ~ P/I(X (k).
Examples 1.1.7.  (a) A proper subset of A' = k is closed if and only if it is finite.

(b) Let Z C A? be a proper closed subset. Then Z is the union of a plane curve f(X,Y) =0 and a finite
set. (We will prove this later.)

1.2. Projective algebraic sets

The multiplicative group k* acts freely on the open subset K"\ 0 of &**! by
A (X0, yxn) = (Ax0,. .., Axy).

We define the projective n-space to be the quotient (orbit space)

B"(k) = (K" 0) /K.



We denote by 7: k"*1\ 0 — P*(k) the quotient map, and by (xo : ... : x,) the image of (xo,...,x,) €
an \0
Let P = k|[To,...,T,]. For (xp: --- : x,) € P"(k), the expression

f(X(), .. .xn)

does not make sense. However, if f is homogeneous, the condition

f(xo,. . .xn) =0

makes sense (i.e. is independent of the choice of a representative (xo,...,x,)). Recall that a polynomial
f € P is homogeneous of degree d if we have an equality of polynomials in P[A]

f(ATy, ..., AT, = Af (Ty,...,T),

or equivalently if all monomials in f are of the same degree d. We say that f is homogeneous if it is
homogeneous of degree d for some d > 0. If P; C P is the subspace of homogeneous polynomials of

degree d, then
P=pr,.
d>0

An ideal / C P is homogeneous if it is generated by a set of homogeneous elements, or equivalently if

I=EUnF).

d>0
Lemma 1.2.1. Let Z C k™! be a closed subset. The following are equivalent:
(a) Z is conical, i.e. invariant under the action of k*;
(b) Z =V(I) for a homogeneous ideal I C P;
(c) the ideal I(Z) C P is homogeneous.

Proof. The implications (c)=(b)=-(a) are straightforward. To show (a)=-(c), let f € J(Z) and write
f =Y fa where f; € P;. We must show that all f; belong to J(Z) i.e. vanish on Z. Let (xo, ...,x,) € Z\0,
and consider the function ¢ : kK — k given by

O(A) = f(Axo,...,Axy) = Zfd(lxo,...,lxn) = Zfd(xo,...,xn)/ld.

d>0 d>0
Since Z is conical, we have (Axo,...,Ax,) € Z, and hence ¢(A) is identically zero. Since it is a polyno-
mial in A by the above expression, all of its coefficients are zero, so fy(xo,...,x,) =0 for all d. O

Definition 1.2.2. For a homogeneous ideal / C P, let
Ve(I) ={(x0: - :xn) : f(x0,...,%,) = O for all homogeneous f € I} = n(V(I)\0) C P"(k).
A projective algebraic set is a subset of P" (k) of the form Vp(I) for some homogeneous ideal I C P.

As in the affine case, projective algebraic sets are the closed sets of a topology on P (k) called the
Zariski topology, with basis of open sets given by

Dp(f) ={(x0: -2 2) : f(x0,..-,2) 7# 0} = w(D(f))

for homogeneous f € P.



Let us show how P"(k) can be expressed as the union of n+ 1 copies of A”. Let
U =Dp(T) ={(xo:-:x,) : x; #0} CP"(k)

Vi={(x0,...,%2) € iy =1} CKTN 0.

Then P"(k) = UL, U; and for each i, the restriction of 7 to V; gives a homeomorphism V; ~ U;, with
inverse given by
(X0 & xn) <x°x")
Xi Xi

Example 1.2.3 (Projective line). Let us explicate the above description for n = 1. The projective line P!
is the union of Uy = 1 x k ~ A! with coordinate x; and U; = k x 1 ~ A! with coordinate xo. We have
UpNU; ~ k™ with coordinate x; = Xo ! We can write

Pl(k) =AlL{ec}, 0=(0:1).

Example 1.2.4 (Projective plane). Consider n = 2 and let us name the coordinates 7y, 71,75 by X,Y,Z.
Let U = Uy = {Z # 1} = A? with coordinates x = X/Z and y = Y/Z. Then P>\ U = V(Z) can be
identified with P! with homogeneous coordinates (x : y).

The following lemma allows us to compute the projective closure of an affine hypersurface. For a
polynomial f € k[T},...,T,] (no Tp) of degree d > 0, write f = Zg:() f4 where f, is homogeneous of
degree ¢, and let us define its homogenization as

d
f=Y1°f €nr.
e=0

This is the unique homogeneous polynomial of degree d satisfying

f(Tla"'an) :f_(llev"'>Tn)‘

For example,
f= T12 - T23 -Lh = f= T0T12 - T23 - T02T2.

Lemma 1.2.5. Let f € k[T},...,T,] be a nonzero polynomial with homogenization f € k[T, ...,T,]. Then

the closure of V(f) C Uy = k" in P"(k) is given by Vp(f).

We didn’t prove this lemma on Jan 13. We give a proof in the subsequent subsection.

1.3. Problem session

We discussed charts on the projective space. We also introduced the following notion (used in problem
6).

Definition 1.3.1. Let f € k[X,Y] be a square-free nonconstant polynomial, defining an affine curve
C =V(f) C k>. We say that a point P = (x,y) € C is singular if d f/0X and df/dY both vanish at P.
Otherwise, we say that P is a nonsingular or smooth point of C.

We mentioned, but didn’t prove, the fact that every curve has only finitely many singular points.

List of problems:

(a) Show (a)=(c) in Lemma 1.2.1

Solution. See the proof of Lemma 1.2.1.

10



(b)

(©)

(d)

(e

®

1.4.

Find a non-homogeneous ideal I C k[Ty, ..., T,] whose zero set Z =V (I) C k"*! is conical.
Solution. Consider I = (X*>+Y,Y?) C k[X,Y]. This ideal is not homogeneous since X>+Y € I but
Y ¢ 1. However, its zero set is {(0,0)} (note v/ = (X,Y)), which is conical.

Find the points at infinity of the affine plane curves Y = X*> and XY = 1.

Solution. Assuming Lemma 1.2.5 (problem 5 below), the closures of V(¥ — X?) and V(XY — 1)
are cut out by the homogenized equations YZ = X? and XY = Z2. Setting Z = 0 we get 0 = X
and XY = 0. Thus, the points at infinity are (0 : 1 : 0) (with multiplicity two) in the first example
and {(0:1:0),(1:0:0)} (corresponding to the vertical and horizontal asymptote) in the second
example.

Prove that the Zariski topology on k* = k x k is not the product topology (with both factors given
the Zariski topology).

Solution. The diagonal V(X —Y) C k? is closed in the Zariski topology, but not in the product
topology. In fact, a proper subset Z C k? is closed in the product topology if and only if it is a finite
union of horizontal lines, vertical lines, and points (straightforward, details omitted).

Klymentii asked if we can show that the two spaces are not homeomorphic (possibly by a map
which is not the identity). The answer seems to be no, but to handle this we need to know some-
thing about irreducible closed subsets (next lecture). More precisely, irreducible closed subsets
of k x k are precisely the vertical lines, horizontal lines, points, and the entire space. Thus the
intersection of two distinct proper irreducible closed subsets has at most one point. However, in k?
the subsets V(Y) and V(Y — X (X — 1)) are irreducible and have exactly two points in common.

Bonus question: show that A and IP? are not homeomorphic. See also Problem 6* on Problem Set
1.
Prove Lemma 1.2.5

We didn’t solve this problem. I added a proof in the next subsection.
(Hartshorne (I, Ex. 5.1) Find the singular points of the following curves (assuming char(k) # 2).
(@) X?=X*+Y%
(b) XY =X647Y6;
© XP=Y*+ X474
(d) X?Y +XV?>=X*4+7%
See Hartshorne’s book for pictures of these singularities.

Solution. (c) Hands-on computation gives that (0,0) is the only singular point.

Bonus: Computing the closure

The following lemma allows us to compute the closure of a locally closed subset of A”.

Lemma 1.4.1. Let I C P =k[T},...,T,| be an ideal and let g € P. Let

W=V({I)CA" and U=D(g) CA",

and let W' C A" be the closure of W NU. Consider the ideal

I'=ker(P— (P/I)[g""))={f € P: ¢"f €1 for somen>1}.

Then W' =V (I'). Moreover, if I is radical, then so is I'.
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Proof. First, we show the equality between the two given definitions of I’. This follows from the general
fact that for an element g of a ring B the kernel of the localization B — B[g~!] consists of all f € B such
that g" f = 0 for some n > 0.

Now, the closure of WNU is the intersection of all V(f) for f € P which vanishon WNU. Let f € P
be such an element. As in the proof of the variant of Nullstellensatz in Proposition 1.1.5, we consider
the zero set

W' =V(I,gT, . —1) C A"

The corresponding coordinate ring is

OW") =k[T1,..., T, Ti1] /I, gT1 — 1) = (P/D)[g ']

Then f (treated as an element of P[T, ] = k[T\,...,T,,T,+1]) vanishes on W”, and hence (by Proposi-
tion 1.1.5(f)) its image in O(W") = (P/I)[g~'] is nilpotent. This means that f"g" € I for some n > 0, in
other words f € \/I'. Thus WNU = V(v/T') = V(I'), and we are done. O

The ideal I’ in Lemma 1.4.1 is sometimes called the g-saturation of /. Using Lemma 1.4.1 we can
now give a proof of Lemma 1.2.5.

Proof of Lemma 1.2.5. Let W be the closure of V(f) and let V = Vp(f). We want to show that W =V,
and since P"(k) = UL, U, it suffices to check that W NU; = V NU; for each i. For i = 0 this is clear,
as WNUy =V (f) =V NUy. Permuting the variables 7,...,T,, without loss of generality it suffices to
consider the case i = n (which saves us a minor annoyance with indices). The set U, has coordinates
(to,...,tn—1) where t; = T;/T,,, and Uy N U, is the set D(ty). Then V(f)NU, is

{(t0, ... ta—1) = to #O0& f(t1/t0, ... tn—1/10,1/t9) = 0}.
Note that
181t /to,. . ta1/t0,1/10) = Fto,t1, - tu1,1).

Call this element f' = f(to,t1,...,ta—1,1) € Klto, ..., ts_1].
Now, by Lemma 1.4.1 the closure of V(f)NU, in U, = A" is cut out by the #y-saturation of the ideal
(f7). Thus we must show this ideal is fy-saturated. Note that by construction,

f/ :f(t07t17"'7tn*171) :fd(tla'-'tn7151)+t0 Ztg_e_lfe(tlv"'atn*lal)

e<d

is not divisible by 9. Let g € klto,...,t,—1] and suppose that f’ divides #{}g. Since 7y does not divide f’
and the polynomial ring k[to, . ..,t,—] is a UFD, we deduce that f’ divides g. O

12



2. Lecture 2 (Jan 15 and 27): Algebraic sets

Recommended reading: Kempf §1, Hartshorne 1.3

2.1. Some general topology
Definition 2.1.1. Let X be a topological space.

(a) We say that X is irreducible if for every pair of closed subsets Y;,Y, C X with X =Y, UY,, we
have X =Y; or X =Y,. (Equivalently, every non-empty open subset of X is dense.)

(b) The dimension dim(X) is the supremum of the set of integers n > 0 for which there exists a chain
2SS C2Z,
of distinct closed irreducible subsets of X.

(c) We say that X is Noetherian if every decreasing sequence Fy O F O ... of closed subsets stabilizes
(is eventually constant).

Proposition 2.1.2. LetX =V (fi,..., f,) Ck" be an affine algebraic set and let A=k[Ty,...,T,]/(f1,---, fr)-
Then:

(a) X isirreducible if and only if the coordinate ring

OX) =k[Ti,....T,]/IX) =k[Ti,.... ]/ (fi..... fr) =A/VO
is a domain, or equivalently iff the ideal m ) Ck[T,...,T,) is prime.
(b) X is a Noetherian topological space.
(c) We have dim(X) = dim(O(X)) = dim(A) (the latter two denote the Krull dimension).

Remark 2.1.3. Thus irreducible closed subsets of X correspond to prime ideals of Spec(A). The smallest
irreducible closed subsets are the points of X, which correspond to the largest prime ideals, i.e. the
maximal ideals.

Lemma 2.1.4. Let X be a Noetherian topological space. Then there exist closed irreducible subsets
Zi,....Zr C X such that Z; £ Z; for i # j and

X=Z1U---UZ,.
They are unique up to permutation.

Definition 2.1.5. The closed irreducible subsets Z;,...,Z, C X in the lemma are called the irreducible
components of X.

Note that we have dim(X) = sup{dimZ,,...,dimZ,}. In order to say more about dimension, we
need to review some results from the dimension theory part of commutative algebra (see e.g. Chapter
10 of Atiyah—Macdonald, though we need a bit more).

Let X C A" be an irreducible algebraic set, let p = J(X) C k[T},...,T,] be the corresponding prime
ideal, and let A = k[T1,...,T,]/p = O(X).

(1) Let K = Frac(A) be the field of fractions. Then
dim(X) = dim(A) = trdeg(K /k)

is the transcendence degree of the extension K /k. In particular, we have dim A" = n.
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(2) All maximal chains Zy C --- C Z, of irreducible subsets of X have length r = dim(X).

From this we can deduce that for a locally closed Y C A", we have dim(Y) = dim(Y).

(3) Let f € A be a nonzero nonunit, and let Y = V(f) C X. Let Y;,...,Y, CY be the irreducible
components of Y. Then
(a) We have dim(Y;) =dim(X) — 1 forevery i=1,...,r.

(b) Conversely, A is a UFD (unique factorization domain, for example if X = A"), then every
closed irreducible subset Y C X such that dim(Y) = dim(X) — 1 is of the form ¥ = V() for
some prime element f € A.

2.2. Regular functions

A polynomial f € k[T,...,T,] defines a function f: k" — k. Similarly, a rational function f = p/q €
k(Tv,...,T,) with p,q € k[T1,...,T,], g # 0 defines a function f = p/q: D(q) — k where D(q) = k" \
V(q). Recall that the subsets D(q) for a varying ¢ form a basis of the Zariski topology on k" = A”. We
define regular functions as those which are locally given by a rational function.

Definition 2.2.1. Let X C k" be an algebraic set, U C X an open subset, and let f: U — k be a function.
We say that f is a regular function on U if every x € U there exists an open neighborhood x € V C U
and p,q € k[T, ..., T,] such that for every y € V, we have g(y) # 0 and

_rk)
f(y)_q(y)'

We observe first that if f is a regular function on U and Z C U is a locally closed subset, then f]
is a regular function. Moreover, every polynomial f € k[T1,...,T,] defines a regular function on A" and
hence on every locally closed U C A”". For an affine algebraic set X C A" we obtain a map

A=0(X)=k[T,...,T,]/I(X) —> {regular functions on X }.

It follows from the Nullstellensatz that this map is injective. Moreover, regular functions on any locally
closed subset U C A" form a k-subalgebra of the ring of all functions U — k.

Theorem 2.2.2. Let X C A" be an affine algebraic set and let A = k[T, ...,T,]/I(X) be its coordinate
ring. Then:

(a) The map
A — {regular functions on X }

is an isomorphism of k-algebras.

(b) Forg € A, let U = D(g) C X. Then the above map induces an isomorphism

Alg™ V) ~ {regular functions on U}.

The proof shows an algebraic variant of “partitions of unity” in differential geometry.

Proof. (a) We need to show that this map is surjective, so let f be a regular function on X and let X = JV;
be an open cover such that f|V; = p;/q; for p;,q; € k[T, ..., T,) with V; C D(g;). We may assume that
V; = D(g;) for some gi,...,g, € A generating the unit ideal in A. We can simplify this a bit further:
replacing g; with g;q; and p;/q; with (p;g;)/(gigi) we may assume that g; = ¢;. Consider the functions

fi=af: X =k

14



We notice that f; = p;q; for every i (the right-hand side is the function X — k defined by the element
piqi € k[T1,...,T,]). Indeed, on V; we have f; = q,-2 (pi/qi) = piqi, and outside of V; both sides are zero.

Since A = (q1,...,4,), we also have A = (¢3,...,4>). Letay,...,a, € A be such that 1 = ¥ a;q7.
Multiply the last equality by f to get

=Y aqgf=Y afi=Y apiqcA.
i=1 i=1 i=1

(b) We apply (a) to V(I, T, 1g — 1) C A", O

2.3. Spaces with functions

Definition 2.3.1. Fix a field k. A space with functions (swf for short) is a topological space X together
with an assignement, for every open U C X, of a k-subalgebra O(U) of the ring of all functions U — k
(called the ring of regular functions on U) such that

(a) Being regular is a local property. That is, if U =|J Uy, is an open cover and f: U — k is a function,
then f € O(U) if and only if f|y, € O(Uy) for each a.

(b) If U C X is an open subset and f € O(U), then the set

D(f)={xeU : f(x) 20} CU
is an open subset of U and (f]p(s)) " € O(D(f)).

A morphism of spaces with functions is a continuous map ¢ : ¥ — X such that the pullbacks of regular
functions are regular: for every open U C X and every regular function f € O(U), the function fo ¢ €

09~ (V).

Note that a map of swf’s ¢ : ¥ — X induces a k-algebra homomorphism

¢": 0(X) —O(Y),  ¢°(f)=so9.

Remark 2.3.2 (If you know some sheaf theory). Condition (a) means that O forms a subsheaf of the
sheaf [],cx k. of all k-valued functions on X. Condition (b) ensures that the stalks O, = liﬂer O(U) for
x € X are local rings, with maximal ideal m, = {f € O, : f(x) =0}.

Examples 2.3.3. (a) Let k =R or C and let X be a topological space. Then O(U) = C(U;k) (contin-
uous functions U — k) gives X the structure of a space with functions.

(b) Similarly with C*, analytic, and complex manifolds.

(c) If X is a space with functions and U C X is an open subset, then U is a space with functions in the
obvious way.

(d) Let again k be our chosen algebraically closed field and let X C A" be a locally closed subset. For
an open U C X, let O(U) be the ring of regular functions on U as in Definition 2.3.1. This makes
X into a space with functions. Note that by Theorem 2.2.2, the two meanings of O(X) we have
introduced agree.

Theorem 2.3.4. Let X C A" be an affine algebraic set. Then for every space with functions Y, the
pull-back map
¢ — ¢": Hom(Y,X) — Homg(O(X),0(Y))

is bijective.

15



Note that by Yoneda’s lemma, this determines the swf X if we know the ring O(X). (There may be
other swfs with the same O(X), but only one of them is an affine algebraic set.)

Proof. Injectivity is easy: if ¢, y: ¥ — X are two maps and y € Y is such that ¢ (y) =x # x' = y(y), we
find an f € O(X) with f(x) # f(x') (for example, one of the coordinates 71, ..., T,), and then ¢*(f)(y) =
F() £ F(¢) = Y () (), and ¢° # v

Surjectivity: Let ¢*: O(X) — O(Y) be a k-algebra homomorphism, for which we seek to build the
corresponding map of swf’s ¢: ¥ — X. For each y € Y, we have the evaluation map ev,: O(Y) — k
mapping f — f(y). Consider the composition

€vy

ox) L o) k.

This defines an element x € Homy(O(X), k), which equals X by the Nullstellensatz. We define the map
¢ by ¢(y) = x. This defines a map (of sets) ¢ : ¥ — X inducing ¢*. Moreover, the pull-back of the basic
open set D(f) C X is D(¢*f) C Y, which is open by axiom (b) of the definition of an swf, which shows
that ¢ is continuous. We omit the (easy) verification that ¢ is a morphism of swf’s. O

Remark 2.3.5. Here is a direct way of reconstructing the swf X from the reduced k-algebra A = O(X).
We set X = MSpec(A) = Homy (A, k). We give it the induced topology from Spec(A), in other words
generated by the base open sets D(g) for g € A. Finally, we call a function f: U — k defined on an open
U C X regular for every x € U there exist g,h € A such that D(g) C U and f(y) = h(y)/g(y) for every

y€D(g).

Corollary 2.3.6. The category of affine algebraic sets (defined as a full subcategory of the category of
swf’s) is equivalent to the opposite category of the category of finitely generated reduced k-algebras.

Corollary 2.3.7 (Products of affine algebraic sets). The category of affine algebraic sets admits products.
More precisely, let X =V (I) C A" (with coordinates Ti,...,T,) and Y =V (J) C A™ (with coordinates
Uy,...,U,) be two affine algebraic sets. Then

XxY=V(I+J)CA"™"
is the product of X and Y in the category of swf’s, and we have
O(X xY)=0(X)®,0(Y).

Proof. This is straightforward except for the fact that O(X) ®; O(Y) is reduced. For this, see Propo-
sition 5.17 in Milne’s notes' (which also shows that O(X x Y) is a domain if O(X) and O(Y) are do-
mains. O

We are finally able to define algebraic sets (which we will later identify as reduced schemes of finite
type over k) and varieties.

Definition 2.3.8. Let k be an algebraically closed field.

(1) An algebraic set over £ is a space with functions X admitting a finite open cover X = U, U---UU,
where each U; is isomorphic as an swf to an affine algebraic set.

(2) We say that an algebraic set is a variety if it is irreducible.
(3) We say that X is projective if it is isomorphic to a projective algebraic set (see below).

(4) We say that X is quasi-affine if it is isomorphic to an open subset of an affine algebraic set, and
y q P P g
quasi-projective if it is isomorphic to an open subset of a projective algebraic set.

"https://www.jmilne.org/math/CourseNotes/AG.pdf
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We note the key fact that not only can every algebraic set be covered by open affine algebraic sets,
but the affine open subsets form a base for the topology on X (since if U C X is affine, then a basis of
opens of U is given by the sets D(g) for g € O(U)).

Example 2.3.9. The projective space P” has the standard open cover Uy U - - - U U, by affine spaces. We
call a function on a locally closed subset Z of P” regular if its restriction to each ZNU; is regular in the
sense of Definition 2.3.1. Thus every locally closed subset of P” is an swf and moreover an algebraic set.

Example 2.3.10. The punctured plane A2\ {0} is quasi-affine but not affine (see below). Similarly, the
punctured projective plane P? \ {P} for a point P is quasi-projective, but neither projective nor quasi-
affine.

Lemma 2.3.11.  (a) O(A™1\0) = O(A™!) forn > 1;
(b) O(P") =k;
(c) Let X CP" be a projective variety (closed and irreducible subset). Then O(X) = k.

Proof. (a) The set U = A™1\ 0 is the union of D(T;), i = 0,...,n. We have O(D(T;)) = O(A™1)[T,7"].
Consider all of these as subrings of k[T;™", '], then O(U) is their intersection, which equals k[Ty, ..., T,] =
o) (An-‘rl ) .

(b) For this we use the fact (easy proof omitted) that for an open (or locally closed) W C P, a
function f: W — k is regular if and only if f o 7 is regular on 7~ (W) where 7: U — P" is the quotient
map. The fact for W = P" combined with (a) implies that O(P") consists of all f € k[Ty,...,T,] which
are invariant under scaling of the coordinates, i.e. homogeneous of degree zero. But k[T, ..., T,]o = k.

(c) We shall prove this later. ]

Example 2.3.12 (Ojanguren). In all examples of algebraic sets we have encountered so far, the ring
O(X) was a finitely generated k-algebra. This is true for affine algebraic sets and projective algebraic
sets, but for completely different reasons. In general for an algebraic set X, the ring O(X) might be
non-Noetherian. Here is a simple example, found by Ojanguren. Consider the projective three-space P3
with homogeneous coordinates (X : Y : Z: T') and the subsets

W=Ve(XY)CP}  L=W(X,Z)CW, U=X\L.

Thus W is the union of two hyperplanes H; = Vp(X),H, = Vp(Y) ~ P? in P3 intesecting along the line
Ve(X,Y) ~ P!, The set L ~ P! is another line, contained in one of the planes H; and intersecting the
other H, in a single point Q = (0:0:0: 1). Let us calculate O(U). A regular function f on U restricts
to a regular function f; on Hy \ L ~ A? (with coordinates u = Y /Z and v = T /Z) and a regular function
fron Hy\ Z ~P?\ Q. But O(P?\ Q) =k, so f> is constant. It follows that

OU) ={f €klu,v] : £(0,v) €k}

which is not Noetherian (as the ideal v - k[u,v] is contained in O(U) and is an ideal there, generated by
vy" for all n > 0 but not by any proper subset).

2.4. Problem session (Jan 27)

During the second problem session:

1. We discussed Ojanguren’s example (Example 2.3.12).
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2. As a prelude to products of (non-affine) algebraic sets and the Segre embedding (see Lecture 3),
we constructed an isomorphism between P! x P! and the quadric surface

Q=V(XY -ZW) C P2
The map P! x P! — Q is given by

((M() : u1)7 (V() : vl)) —> (I/t()V() TUIVY UV M1V0).
XY Y W

3. We introduced algebraic groups. An algebraic group is an algebraic set G endowed with a struc-
ture of a group for which the multiplication and inverse maps

u: GxG— G, 1:G—=G
are morphisms of algebraic sets. We gave a list of examples:

(a) The additive group G, which is the affine line A' = k and the group structure is given by
addition in k.

(b) The multiplicative group G,,, the punctured affine line A'\ 0 = k*, where the group struc-
ture is given by multiplication.

(¢) The n-the roots of unity u, C G,,, the subgroup of G,, cut out by the equation 7" — 1 = 0.
It is a finite group of order n/gcd(n, p™) where p = char(k) if the latter is positive and p = 1
otherwise.

(d) The general linear group GL, of invertible n x n matrices, which is the open subset D(A)
of A" (with coordinates T;;) given by the nonvanishing of the determinant A = det[7;;]. The
group structure is given by multiplication of matrices.

(e) As we shall later learn elliptic curve (a smooth cubic in P? with a chosen basepoint) has a
unique group structure in which the basepoint is the neutral element. Moreover, this group
structure is commutative.

Examples (a)—(d) are affine and (e) is not affine.

We discussed how affine algebraic groups correspond to commutative finite type and reduced
Hopf algebras over k. Let G be an affine algebraic group and let A = O(G) be its coordinate
ring, a finite type and reduced k-algebra. Then the multiplication u and inverse t correspond to
k-algebra

U:A—ARLA, 1":A—A

(“comultiplication” and “coinverse”), satisfying the “duals” of the group axioms. For instance,
associativity of G is expressed by the commutativity of the square

uxid
GXxXGxG——=GxG

o Js

GxG G

which translates into the commutativity of

.
AQARA M AwA

u*@idT Tu*

A®A <u*—A.
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A k-algebra A endowed with a coidentity €*: A — k, a comultiplication 4*: A - A® A and a
coinverse 1*: A — A satisfying these axioms is called a (commutative) Hopf algebra over k. The
equivalence of categories between affine algebraic sets and the opposite category of reduced finite
type k-algebras thus induces an equivalence between affine algebraic groups and the oppositve
category of reduced finite type Hopf algebras over k.

We computed that in the examples (a)—(d) above, the comultiplication maps are given by
(@ T—To+Ti: k[T] — k[Tp, T1]
() T TyTy: k[T, T~ = k[T, T, ' Ty, T, ']
() T—ToT: k[T]/(T"—1) = k[To, h] /(T — 1,T" — 1)
() Ty L TouTiej: kITA"] — k[To5, Tl [Ag ' AT,
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3. Lecture 3 (Jan 29): Products, separatedness, completeness

Recommended reading: Kempf §3

3.1. Basic facts about algebraic sets

In order to distinguish between regular functions on different spaces, we shall sometimes write Ox (U)
instead of O(U) for the set of regular functions on an open U C X of a space with functions X.

Definition 3.1.1. Let X be a space with functions and let ¥ C X be a subspace (subset, endowed with
the induced topology). The induced swf structure on Y is defined as follows: a function defined on an
open of Y is regular if locally on U it extends to a regular function on an open of X.

To be completely precise: for an open V C Y and f: V — k, we have f € Oy (V) if and only if there
exist opens Uy C X such that V C (JU,, and regular functions f € Ox(Ugy) such that f(y) = fo(y) for
every y € VNUyg. One checks easily that Y endowed with Oy defined this way is an swf, and that the
inclusion ¥ — X is a morphism of swf’s.

Remark 3.1.2. A reader acquainted with sheaf theory will notice that Oy is the image of the morphism
of sheaves i~ (Ox) — [Tyey ky. Here i '(Ox) is the sheaf pull-back of Ox, and [T,y ky is the sheaf of
(not necessarily continuous) k-valued functions on Y.

In the context of affine algebraic sets, the way we have endowed X =V (1) C A" with an swf structure
shows that it is the induced swf structure from A”.

Definition 3.1.3. A morphism of swf’s ¥ — X is an immersion if it is a homeomorphism onto its image
and the swf structure on Y coincides with the induced swf structure on the image. A closed (resp. open,
resp. locally closed) immersion is an immersion whose image is closed (resp. open, resp. locally closed)
in X.

Example 3.1.4. Consider the map f: A! — A? sending ¢ to (¢2,£3). It is a homeomorphism onto its
image, which is the cuspidal curve C = V(Y2 —X 3). However, it is not an immersion, since the map on
coordinate rings is

kXY =X =0(C) — 0(A) =k[T),  f{(X)=Tf(¥)=T"
which is not an isomorphism.

Proposition 3.1.5. Let X be an algebraic set and let Y C X be a locally closed subset. Then'Y is an
algebraic set (when endowed with the induced swf structure).

Proof. Let X =U;U---UU, be a finite affine open cover of X. Then V; = U;NY form an open cover of
Y, and each V; is locally closed in the affine algebraic set U;. It follows that we may assume that X itself
is affine (as an swf which is covered by a finite number of opens which are algebraic sets is an algebraic
set).

Suppose first that Y is closed in X. Since X is affine, it is closed in A". So Y is closed in A" and
endowed with the induced swf structure, and hence an affine algebraic set.

Now, suppose that Y is open in X. In this case, since the standard open affines D(f) C X (for
f € O(X)) form a base of the topology on Y, we can write Y as the union of such opens. Moreover, since
X is Noetherian, Y is quasi-compact, and hence a finite number suffices. O

Let us record the following crucial fact which follows from the above proof:

Lemma 3.1.6. Let X be an algebraic set. Then affine open subsets of X form a base of the topology on
X.
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3.2. Products

Recall from the last lecture that if X and Y are affine algebraic sets, then X X Y is an affine algebraic set
with coordinate ring
OX xY)~0(X)®:0(Y).

A word of warning (see 1.3(d)): X x Y is the product of X and Y as sets, but not as topological spaces.

Theorem 3.2.1. Let X and Y be algebraic sets. Then, the product X XY of swf’s exists and is an
algebraic set. Moreover, if X and Y are projective (isomorphic to a closed algebraic subset of P" for
some n), then sois X xY.

Proof. The proof of the first part is straightforward (and boring). Cover X =U;U---UU, and ¥ =
ViU---UV, with affine open subsets. Then, as sets

n m
xxy= U xV;.
i=1j=1

Each U; x V; has the structure of an affine algebraic set, with coordinate ring O(U;) ® O(V;). We give
X x Y the topology induced by the topologies on U; x V; (so W C X x Y is open iff W N (U; x V;) is open
in U; x V; for all (i, j)), and deem a function f: W — k defined on an open W C X x Y regular if its
restriction to W N (U; x V) is regular for each pair (i, j). We then need to verify that

(a) Each U; x V; is an open subset of X x Y.

(b) If W C X x Y is an open contained in U; x V; for some (i, j), then a function f: W — k is regular
if and only if it is regular when treated as a function on an open subset of the affine algebraic set
U; % Vj.

(c) ForanyswfZandmaps f: Z— X, g: Z— Y, theresultingmap (f x g): Z— X XY is amorphism
of swif’s.

(The first two ensure that X x Y is an an algebraic set, and the last one gives the universal property of the
product.) I suggest you prove these statements, and look up the proof in a textbook in case you get stuck.

The assertion about projective algebraic sets is more fun to prove. Note first that it suffices to show
that P"* x P is projective for every n,m > 0. Let Xop, ..., X, and Yy, ..., Y, be their homogeneous coordi-
nates Set N = (n+1)(m+1) — 1 = nm+n-+m and consider P =PV with homogeneous coordinates W;;
(i=0,...,n, j=0,...m). Consider the map (called the Segre embedding)

¢: P'xP" — PV

defined by
XoYo XoYi ... Xo¥m
XY,
((Xo:--:Xu),(Yo i1 X)) = (Wy = XiY)) =
XY ... X,Y,,

Note first of all that this is a well-defined map of sets. Indeed, if we scale either all X;’s or all Y;’s by the
same scalar A € k*, the result scales by the same factor, and if X; # 0 and Y; # 0, then W;; # 0.

Next, we identify the image of this map. A matrix [W;;] € PV is in the image if and only if it is of
rank one (it cannot be of rank zero since not all coordinates vanish). On the other hand, this holds if and
only if every 2 x 2 minor of this matrix is zero, and hence the image Q of ¢ is the projective algebraic
set defined by the system of homogeneous equations

Wi Wiy

l'/j M/j/

Ozdet{ ]:Wijmj,—wi,j i i,i' €{0,....n}, j,j€{0,...,m}
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To check that the map ¢ induces an isomorphism onto Q, we check what happens over the open subset
AN ~ D(Wy) € PV, Its preimage is defined by Xo # 0 # Y, and hence it is equal to the open subset
D(Xp) x D(Yp) >~ A" x A™ of P" x P"™. In the dehomogenized coordinates w;; = W;;/Woo, xi = Xi/Xo,
yj =Y;/Yp, the intersection QN D(Wy) is cut out by the equations w;j = wo;jwjo (set (7, j') = (0,0)), and
the restriction of ¢ is defined by the map of rings

k[wij : (i,j) 75 (0,0)]/(W,’j —W()jwio) — k[xl, ey Xy Y1y ,ym], Wij »—>xiyj

(where we interpret xo = 1 and yo = 1) which is an isomorphism, the inverse sending x; to w;p and y; to
woj. ]

3.3. Separated varieties

Recall (or learn) the following fact from topology. A topological space is Hausdorff if and only if the
diagonal
A={(xx):xeX} C XxX

is a closed subset of X x X.
Definition 3.3.1. An algebraic set X is separated if the diagonal A C X x X is a closed subset of X x X.

Note that this does not imply that X is Hausdorff since the topology on X x X is not the product
topology.

Examples 3.3.2. (a) If we have an injective map f: ¥ — X and X is separated, then so is Y. Indeed,
then Ay C Y XY is the preimage of the closed subset Ay C X x X under the continuous map
XY XY —=XxX.

(b) If X is (quasi)affine then X is separated. Indeed, then X admits an injective map to A", and A" is
separated, as its the diagonal in A" x A" (with coordinates Xi,...,X,,Y1,...,Y,) is cut out by the
equations X; = ¥; and hence is closed.

(c) The projective space P" is separated. (Consequently, every quasi-projective algebraic set is sepa-
rated.) To see that P" is separated, we use the Segre embedding P" x P" — P7+21 The diagonal
is the preimage of the linear subvariety cut out by the equations W;; = Wj;, and is therefore closed.

(d) (Line with doubled origin) Consider the space with functions X obtained by gluing two copies
U; = A! (with coordinate T;) for i = 0,1 along the isomorphism of open subsets D(Ty) ~ D(T;)
sending 7; to Ty. There is a natural map X — A! (with coordinate 7 on the target pulling back to
T; on U;) which is bijective away from zero, and such that 0 € A! has two preimages 0; € U;. On
Up x Uy, the diagonal is V(Tp — 1) \ {(00,0;)} and is not closed. Thus X is not separated.

Lemma 3.3.3. Let X be a separated algebraic set and let U,V C X be affine open subsets. Then U NV
is affine.

Proof. We have UNV ~ (U xV)NA, soUNYV is a closed subset of the affine algebraic set U x V. [

Example 3.3.4 (Plane with doubled origin). Consider a variant of Example 3.3.2(d) where we replace
U; = A! with A? with coordinates T}, U; and the open subsets D(T;) with U; \ {(0,0)}. The resulting space
X has two affine opens Uy and U; whose intersection Uy N Uy is isomorphic to A2\ {(0,0)}, which is not
affine.

Again, recall from topology that two maps f,g: ¥ — X to a Hausdorff space X which are equal on a
dense subset of Y have to be equal. Here is an algebraic variant:
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Lemma 3.3.5. Let f,g: Y — X be a parallel pair of maps between algebraic sets. If X is separated,
then the subset (“equalizer”)

Eq(f,g) ={yeY : fy) =g} <Y

is closedinY.

Proof. Use the “diagonal trick:” Eq(f,g) = (f x g) "' (Ax) is the preimage of the diagonal Ay C X x X
under the map fxg: Y — X xX. O

3.4. Complete varieties
Recall (or learn) another fact from topology. A Hausdorff topological space X is compact if and only if
for every topological space Y, the projection map

Ty: X XY —Y

is closed (maps closed subsets of X X Y to closed subsets of Y).

Definition 3.4.1. An algebraic set X is complete (a.k.a. proper) if X is separated and for every algebraic
set Y, the projection map
Ty: X XY —Y

is closed.
Remark 3.4.2. (a) Again, X x Y does not have the product topology.

(b) The affine space A" is not complete for n > 1. More generally, let X be an algebraic set admitting
a function f € O(X) which takes infinitely many values. Then X is not complete. Proof: consider
Y = A! with coordinate T and the closed subset Z =V (fT — 1) C X x Y. Its projection onto Y is
then an infinite subset which does not contain zero, and hence cannot be closed.

(c) We shall prove later that P" is complete (and therefore, by Lemma 3.4.3, every projective algebraic
set is complete).

(d) The following relative versions of separatedness and completeness are used in algebraic geometry.
A morphism f: X — § is separated if the diagonal A C X x X is a closed subset of the fiber
product

XxsX={(x,y) XXX : f(x)=f(y)} SXxX.

A separated morphism f: X — S is proper if for every map of algebraic sets g: ¥ — S, the
projection map
my: X XsY —7Y

is closed. Here X x5V = {(x,y) e X xY : f(x) =g(y)}.
(e) A closed subspace of a complete algebraic set is complete.

Another standard fact from topology: if f: ¥ — X is a map from a compact space Y into a Haus-
dorff space X, then the image f(Y) C X is a closed subspace of X (and is therefore both compact and
Hausdorff). Algebraic version:

Lemma 3.4.3. Let f: Y — X be a map from a complete algebraic set Y to a separated algebraic set X.
Then f(Y) C X is closed in X and complete.
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Proof. For the first statement, consider the graph

Cp={(nx) :x=f(y)} Y xX.

It is closed in Y x X, being the equalizer of the projection mx: ¥ x X — X and the composition f o
Ty : Y x X — X (here we use Lemma 3.3.5). Then f(Y) = mx (I'y) is closed in X since by assumption (¥
complete) the map X XY — X is closed.

It remains to show that Z = f(X) is complete. For this we use the surjective map ¥ — Z induced
by f. Let W be an algebraic set and let F C Z x W be a closed subset. We must show that my (F) is
closedin W. Let F/ C Y x W be the preimage of F. Since Y — Z is surjective, so is F’ — F, and hence
mtw (F) = mw (F') is closed in W since 7y : ¥ x W — W is closed. O

Lemma 3.4.4. Let X be a complete variety. Then O(X) = k.

Proof. Let f € O(X), we must show that f is constant. Treat f as a morphism f: X — A!. The image
f(X) C Al is then closed and complete by the previous lemma. It is also irreducible (being the image of
the irreducible space X), and hence it is a singleton (because A! is not complete, see Remark 3.4.2(a)).

O

Corollary 3.4.5. Let X be an algebraic set which is both compact and quasi-affine. Then X is a finite
set.
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4. Lecture 4 (Feb 3): Elimination theory

Recommended reading: Kempf §3

4.1. Statement of the result
Recall the following definitions from last time.
Definition 4.1.1. Let X be an algebraic set.
(a) We say that X is separated if the diagonal A C X x X is a closed subset of X x X.
(b) We say that X is complete if X is separated and for every algebraic set Y, the projection map

Ty: X XY —Y

is closed.
Our goal today is to prove the following theorem.
Theorem 4.1.2. The projective space P" is complete.

We have shown in the previous lecture that P” is separated. Our goal is thus to show that for any
algebraic set Y and any closed subset Z C P" x Y, the image of Z in Y is closed.

Remark 4.1.3. Over k = C, we can consider the “analytic topology” on an algebraic set X. Let us denote
the resulting topological space by X*". Then one can show that

X separated < X" Hausdorff, X complete < X" compact Hausdorff.

In a course of topology or differential geometry, you might have seen that CP" = (P")*" is compact.
Theorem 4.1.2 is thus an algebraic analog of this fact.

4.2. Warm-up: the resultant

Before tackling the proof of our theorem, let us deal with a special case (though at first it might not seem
like a special case at all).
Let f,g € k[T] be two polynomials, deg(f) = n, deg(g) = m, m,n > 0. Write

n . m .
f: ZaiT’, g:Zb,’Tl.
i=0 i=0

The resultant of f, g is the determinant R(f,g) of the (n+m) X (n+ m) matrix

_ao 0 -~ 0 by 0O - 0]
a, ap - : by by :
ap . 0 1 b .0
a, v ap b, . b (4.2.1)
0 a, - a4 0 b, - b
0 0 4y 0 0 - by

Lemma 4.2.1. Write f = a,[[(T — ;) and g = b,,[I(T — B;). We have
f g _ambn H
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We won’t need this, but only the following corollary, for which we supply an independent proof.
Corollary 4.2.2. We have R(f,g) = 0 if and only if f and g have a common root.

Proof. Since k[T is an PID, the polynomials f and g have no root in common if and only if they are
coprime, i.e. if there exist polynomials p,q € k[T] such that

l=pf+qs.

If we write p = pog+ p1 and ¢ = qof + q1 where deg(p;) < m and deg(q;) < n, we have

1= (po+qo)fe+pif+aig

Then pg + qo = 0, otherwise the right-hand side has degree > n+m > 0. Consequently, 1 = p; f +q18.
In other words, we may assume that deg(p) < m and deg(q) < n.

If we play the same game with the equation i = pf + gg for deg(h) < n+ m, we obtain the following
observation: For i > 0, let V; be the space of polynomials of degree < i. Consider the linear map

O: Vi ®Vy — Vi, o(p,q) =pf+aqsg.

Then f and g are coprime if and only if ¢ is surjective.

The result now follows since in the bases (77,0) (i =0,...,m—1), (0,T7) (i =0,...,n— 1) in the
source V,, ®V, and T’ (i =0,...,n+m — 1) in the target, the matrix of ¢ is (4.2.1). Thus ¢ is surjective
if and only if

R(f,g) = det(¢) # 0. O
Remark 4.2.3. To deduce Lemma 4.2.1 from Corollary 4.2.2, fix the leading coefficients a, and b,,, and
treat the roots @;, fB; as indeterminates (i.e., work over the polynomial ring k[ct1,. .., 0, B1,. .., Bn]). The

coefficients a; (i < n) and b; (i < m) are then expressed using standard symmetric polynomials in the ¢
and fB;. Thus both sides of the equality in Lemma 4.2.1 are elements of this polynomial ring. By the
corollary, we have R(f,g) = 0 if we substitute o; = f3;, which (by Nullstellensatz) implies that (o; — ;)
divides R(f,g). These linear polynomials are pairwise coprime, and hence the right-hand side divides
the left-hand side. But the degrees and leading terms are the same (check by hand), so this is an equality.
(N.B. The same strategy applies to the evaluation of the Vandermonde determinant.)

Since we are here, let us define the discriminant.
Definition 4.2.4. The discriminant of a polynomial f = Y7 a,T' € k[T] of degree n > 0 is
A(f) = (=1 2a R(f, f)
where f' = df/dT is the formal derivative of f.

Thus A(f) = 0 if and only if f has a multiple root. For a quadratic f = aT? + bT + ¢, we have the
familiar A(f) = b* — 4ac, and for f = T3+ aT + b we have

A(f) = —4a® —27b*

familiar from the theory of elliptic curves.
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4.3. Proof of Theorem 4.1.2: Elimination theory
Theorem 4.3.1. The projective space P" is complete.

Proof. We have already shown that P” is separated (the diagonal being the preimage of the linear sub-
space W;; = W;; under the Segre embedding P x P" — PV, N +1 = (n+ 1)2. It remains to show that for
every algebraic set, the projection map P x Y — Y is closed.

Let Y be an algebraic set and let Z C P" x ¥ be a closed subset. Then 7ty (Z) C Y is closed if and only
if for every affine open U C Y, the subset 7ty (Z) U = ny (ZN (P" x U)) is closed. It therefore suffices
to treat the case Y C A™ closed. But then Z is closed in P" x A”, and 7y (Z) is closed in Y if and only if
it is closed in A”. We have now reduced to the case ¥ = A".

Let Tp,...,T, be the homogeneous coordinates on " and let xo,...,x, be the coordinates on A".
Write P = k[To, ..., T,] = @4>0 P4 and B = k[xo, ..., x,]. Consider the graded polynomial ring

A:B®kP:k[xO,...,meTQ,...,TnL Ag=B®P,.

A homogeneous ideal I C A defines a k*-invariant closed subset of (A"*!\ 0) x A™ and hence a closed
subset of Z C P" x A™. Every closed subset of P x A™ is of this form (easy proof omitted).

Let thus / C A be the radical homogeneous ideal corresponding to our closed subset Z C P" x A™, and
write [ = (f1,..., f;) where f; € A;, = B®y P;.. Then the image ma»(Z) is the set of all (xy,...,x,) € k"
for which the system

ﬁ(xl,...,xm,To,...,Tn):O, izl,...,r

has a nonzero solution (t,...,t,) € kL Effectively, we wish to eliminate the variables Ty, ..., 7, from
this system. For this we need:

Claim. Let f1,...,fr € P=k[Ty,...,T,] be homogeneous, f; € Py. Then the system f; = 0 has no nonzero
solution in K" if and only if for some d > 0, every f € P; can be written as

,
f=Y hifi,  hi€Piq.
i=1

(In other words, if 1; = P, for some d > 0. If this holds for d, then it also holds for all d’ > d, so we can
rephrase the condition as: I; = P; for d > 0.)

The claim is almost obvious: having no nonzero solutions means that V(fi,..., f;) C{0} =V (Tp,...,T,).
Applying J(—) translates this to I = (Ty, ..., T,) € \/(f1,-..,f;), i.e. T € I for large enough N. But this

means that I; = P, for d > 0 (more precisely, d > N(n+ 1) will do).
Let us rephrase the condition from the claim: the system f; = 0 has a nonzero solution if and only if
for every d > 0, the map

,
¢a: PPi—a, — Pu, O(hy,....h thz
i=1
is not surjective. Note that this is a map between finite-dimensional vector spaces over k, corresponding
to a big rectangular matrix, say of size ay x by (the exact values of a; = Y dim(P;,) and by = dim(P)
are unimportant). Its non-surjectivity can thus be detected by the vanishing of all minors of size b X b,.

Now come back to our initial problem: our fi,..., f,;, depend on the parameters xi,...,x,. We con-
sider the map between free modules of finite rank (a4 and b,) over the polynomial ring B = k[x1, ..., X,]:
¢a: @B @k Pi—g, — By Pu, ¢q(hi,....h thz

i=1
By the claim, the image 7m»(Z) is the set of points (x,...,X;) at which ¢,. By the previous discussion,
it is cut out by the ideal generated by the b; x b; minors of the corresponding matrix (now, treated as
elements of k[xj,...,x,]) and is therefore closed. O
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Corollary 4.3.2. Every projective algebraic set is complete.
Remark 4.3.3. Consider the case n = 1 and Z C P! x Y cut out by a pair of functions f = g = 0 where
n Lo m L
=Y aTy T, g=Y bTyT]
i=0 i=0

for ag,...,an,b1,...,by € O(Y) and a,,b,, € O(Y)*. Then the proofs of Corollary 4.2.2 and of Theo-
rem 4.1.2 give the same description of the image of Z in Y as the vanishing set V(R) of the resultant
R=R(f(1,T),g(1,T)) € O(Y) (we substituted Tp = 1 to de-homogenize the polynomials).

4.4. Chevalley’s theorem

What can we say about the image of a morphism ¥ — X between algebraic sets? If Y is complete and X
is separated, then the image is closed. In general, the image is a constructible subset.

Definition 4.4.1. Let X be an algebraic set. A subset W C X is constructible if it is the union of a finite
number of locally closed subsets of X.

Importantly, constructible subsets of X form a Boolean algebra (closed under intersection, union, and
complement).

Remark 4.4.2. A word of warning: While every locally closed subset of an algebraic set is an algebraic
set, not every constructible subset is an algebraic set. For example, the subset

{(0,0)}UD(X) C A?

(where the coordinates are X,Y’) is constructible but not locally closed, and it does not have any obvious
structure of an algebraic set.

Last semester, be proved the following result:

Theorem 4.4.3 (Chevalley, algebraic version). If A — B is a morphism of finite type between Noetherian
rings, then the image of
Spec(B) — Spec(A)

is constructible.

We can now deduce the geometric counterpart.

Theorem 4.4.4 (Chevalley, geometric version). Let f: Y — X be a morphism between algebraic sets
and let W CY be a constructible subset. Then f(W) is a constructible subset of X.

Proof. Theorem 4.4.3 implies the result if X and Y are affine and W = Y. The general case is deduced
from this by passing to affine open covers (details omitted). O
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5. Lecture 5 (Feb 5): Local rings, rational maps

Recommended reading: Hartshorne 1.4

5.1. Local rings, function fields, and rational maps

Let X be an affine algebraic set with coordinate ring A = O(X). Recall that irreducible closed subsets
Z C X correspond to prime ideals p C A. If Z is an irreducible subset, then every non-empty open subset
is dense, and the intersection of two non-empty opens is non-empty.

Definition 5.1.1. Let X be a (not necessarily affine) algebraic set and let Z C X be an irreducible closed
subset. We define the stalk at Z (also called the local ring at Z) as the filtered colimit

Oxz= lim O(U)
UNZ#0

over all open subsets U C X which intersect Z (this is a filtered colimit since Z is irreducible, by the
previous remark).

In plain terms, by the basic properties of filtered colimits, an element of Ox 7 is an equivalence class
of pairs (U, f) where U C X is an open intersecting Z and where f € O(U), where we identify (U, f)
with (U’, f) if there exists an open U” C U NU’ intersecting Z such that f|y» = f'|y».

Examples 5.1.2.  (a) Letx € X. Then {x} C X is closed and irreducible, and we denote the ring Ox_ (x}
more simply by Oy . Its elements are germs of regular functions defined in a neighborhood of x.

(b) At the other extreme, suppose that X is itself irreducible (i.e. a “variety”). In this case we can
take Z = X. We denote the ring Ox x more simply by k(X ) and call it the function field of X. Its
elements are represented by regular functions defined on a non-empty open subset of X.

Remark 5.1.3 (From the future). We shall later notice that Oy , is simply the stalk of the structure sheaf
Ox (the assignment U — O(U)). Moreover, scheme theory extends this interpretation to Oy z for an
arbitrary closed irreducible Z. Namely, the scheme X! corresponding to X adds a unique generic point
Nz for every closed irreducible Z C X. Then Ox 7 ~ Oxsch’nz.

Lemma 5.1.4. Let X be an algebraic set and let Z C X be an irreducible closed subset.

(a) Let U C X be an affine open intersecting Z, so that ZNU is an irreducible closed subset of U. Let
A=0(U) andlet p =I(ZNU) C A be the prime ideal corresponding to ZNU. Then

Oxz = Ovpunz =Ap.

(Recall that A, = A[(A\ p)~'].) In particular, Ox 7 is a local ring with maximal ideal consisting
of germs of functions (U, f) which vanish on ZNU.

(b) If X is irreducible, then k(X) is a field, equal to the fraction field of O(U) (which is a domain) for
every non-empty affine open U C X.

(c) The residue field of the local ring Ox z is the function field k(Z) of Z.

Proof. (a) We first notice that if U C X is any open intersecting Z, then Ox z ~ Oy ynz. This follows
from abstract properties of filtered colimits (those V C X which are contained in U are cofinal among
those which intersect Z), and is also easy to show directly. Namely, if (V, f) is an element of Oy z, we
get a corresponding element (VNU, flyny) of Oy zru, and if (V, f) is an element of Oy ynz, then (V, f)
also represents an element of Oy 7. We verify immediately that these correspondences give well-defined
mutually inverse ring homomorphisms.
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To obtain the rest, we may assume that X = U is affine. Recall that in this case X has a base of the
topology consisting of standard opens D(f) for f € A. Therefore, if V C X is an open intersecting Z,
then there exists an f € A such that D(f) CV and D(f) NZ # 0. In defining Ox z, we can thus restrict
to a filtered colimit over opens only of this special form. Notice that the last condition D(f) NZ # 0 is
equivalent to f ¢ p. Moreover, we have proved that O(D(f)) = A[f~']. Assembling these observations,
we get

Oxz= lim OD(f)= lim A[f']=A4,
D(f)NZ+#0 D(f)NZ#0
As shown in commutative algebra, this is a local ring with maximal ideal p - A, which coincides with
those f € Ox z which vanish on Z.

(b) Apply (a) to X = Z, in which case p = (0) and A, is the fraction field of A.

(c)Let U C X be an affine open intersecting Z and let A = O(U). Recall that the residue field A, /p-A,
of Ox z = A, (denoted by k(p) in commutative algebra) can also be expressed as the fraction field of A /p.
Now A/p = O(U N Z), so the result follows from (b) applied to U N Z. O

Remark 5.1.5 (Direct proof of a part of (a) for swf’s). The fact that Oy 7 is a local ring with maximal
ideal consisting of functions vanishing on Z holds more generally for any swf X and a closed irreducible
Z C X. We give the direct argument here since it illustrates well the motivation behind the second axiom
of an swf.

Let m C Ox z be the set of all (U, f) € Ox z such that f|ynz = 0. We verify immediately that (1) this
condition does not depend on the choice of representative (this uses Z irreducible), and (2) is an ideal of
OX,Z-

In order to check that Oy 7 is local with maximal ideal m, we need to show that every (U, f) which
does not belong to m is an invertible element of Ox z. The condition that (U, f) ¢ m means precisely
that D(f) meets Z. By axiom (2) of the definition of a space with functions, this set is open and 1/f €
O(D(f)). Thus (U, f)-(D(f),1/f) =1in Ox z, and (U, f) is invertible.

Lemma 5.1.6. Let ¢: Y — X be a morphism between algebraic sets and let W C Y be an irreducible
closed subset. Let Z C X be the closure of §(Z). Then Z is also irreducible, and f induces a local
homomorphism of local rings

¢*: Oxz — Oyw.

Proof. That ¢(W) and its closure Z are both irreducible is easy general topology. Moreover, ¢ (W) is
dense in Z by definition. Therefore, if U C X is an open intersecting Z, it has to intersect f(Z), and thus
¢~!(U) C Y is an open intersecting W. The pull-back maps ¢*: Ox(U) — Oy (¢ ' (U)) for varying U
induce map on filtered colimits

¢*: Oxz =1lim Ox(U) — lim Oy (¢~ (V))
U U

(both colimits over opens U C X meeting Z) which we compose with the natural map (from the universal
property of direct limit!)

lim Oy (¢~ (U)) — lim Oy (V) = Oyw
U \4

(second colimit over opens V C Y meeting W) to obtain the desired map ¢*: Ox z — Oyw. This ho-
momorphism is local thanks to Lemma 5.1.4(a): if f € Ox(U) vanishes on U NZ then ¢*(f) = fo ¢ €
Oy(¢~1(U)) vanishes on ¢~ (UNZ) D ¢~ (U)NW. O

We shall now consider rational maps between varieties. For this, let us note the following straight-
forward corollary of Lemma 5.1.6. For this, let us call a map ¢ : ¥ — X dominant if ¢ (Y) is dense in X
(and hence, by Chevalley’s theorem, contains a dense open subset of X).
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Corollary 5.1.7. A dominant map between varieties ¢ : Y — X induces an extension of function fields
O k(X) = k(Y).

Proof. Apply Lemma 5.1.6to W =Y, so Oyw = k(Y). Since ¢ is dominant, (W) = ¢(Y) is dense, and
we have Z = X, so Ox z = k(X). O

A rational map is a germ of a function between varieties.

Definition 5.1.8. Let X and Y be varieties (i.e. irreducible algebraic sets). A rational map from Y to X
is an equivalence class of pairs (U, f) where U C Y is a non-empty open subset and where f: U — X is a
map of varieties, where we identify (U, f) and (U’, f') if f = f’ on some non-empty open U” CUNU’.
We call a rational map (U, f) dominant if f(U) is dense in X (this condition depends only on the
equivalence class of (U, f)).

Remark 5.1.9. (a) A dominant rational map (U, f) from ¥ to X induces a pull-back map f*: k(X) —
k(Y) between the function fields.

(b) Conversely, let k(X) — k(Y) be a map of k-algebras. Then there exists a unique dominant rational
map ¥ — X inducing this field extension.

(c) Dominant rational maps can be composed. The resulting category of varieties and rational maps is
equivalent to the opposite of the category of finitely generated field extensions of k.

(d) If V CY is an open such that a given rational map from Y to X is represented by a pair (V, f), we
say that f is defined on V. If Y is separated, there exists a largest open V C Y on which a given
rational map is defined.

Definition 5.1.10. A rational map f from Y to X is birational if it is dominant and if it admits an
inverse (in the category of dominant rational maps), or equivalently if there exist non-empty opens V C Y
and U C X such that f induces an isomorphism V ~ U, or equivalently if it induces an isomorphism
k(X) ~ k(Y). We say that two varieties X and Y are birational if there exists a birational rational map
from Y to X. We say that a variety X is rational if it is birational to P for some n > 0.

Example 5.1.11. We shall prove later that the cubic plane curve V(Y2 — X — X) is not rational.
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6. Lecture 6 (Feb 10): Nonsingular varieties

Recommended reading: Hartshorne 1.4, 1.5, 1.6

6.1. More on birational equivalence

We complement our discussion of birational equivalences from last time.
Lemma 6.1.1 (Hartshorne Corollary 1 4.5). Let X and Y be varieties. The following are equivalent:

(a) There exist dominant rational maps ¢ : Y --+»X and y: Y --+ X such that ¢ oy =idx and yo ¢ =
idy;

(b) k(X) ~k(Y) as extensions of k;
(c) there exist non-empty opens U C X andV C Y such that U ~V as varieties.

Proof. (a)<(b): Proved earlier.

(a)=(c): Represent ¢ byamap ¢: V' — X and wbyamap y: U’ =Y. SetU =y (¢~ }(U’)) and
V =¢ " '(y~!(V'). Then ¢ and y restrict to inverse isomorphisms U ~ V.

(c)=(a): obvious. ]

The following algebraic fact is a bit complicated to show, but not too difficult.

Theorem 6.1.2 (Zariski—Samuel vol. I, Chapter II, Theorem 31, p. 105). Let k be a perfect field and let
K be a finitely generated field extension of k. Then K is separably generated over k, i.e. it can be written
as a finite separable® extension of k(T ...,T,) where n = trdeg(K /k).

Recall from CA that every finite separable extension is generated by a single element (the “primitive
element theorem”). More precisely, in the situation in the theorem, we can write K = k(T1,...,7,)[T]/(f)
where f € k(Ty,...,T,)[T] is an irreducible separable polynomial (that is, f’ # 0).

Corollary 6.1.3. Every variety is birational to an irreducible hypersurface in P"+1,

Proof. Let X be a variety. Apply Theorem 6.1.2 to K = k(X ), writing k(X)) as a finite separable extension
of k(T1,...,T,), n = trdeg(k(X)/k) = dimX. By the primitive element theorem (see discussion above),
we can write

k(X)=k(Th,....,T,)[T]/(f)

for a separable irreducible polynomial f € k(Tj,...,T,)[T]. Clearing denominators, we obtain an ir-
reducible polynomial f € k[Ty,...,T,,T|. Let g € k[To,T1,...,T,,T] be its homogenization (which is
again irreducible) and let ¥ = Vip(g) C P"*!. Then k(Y) ~ k(X) by construction, and so X and Y are
birational. O

6.2. Nonsingular varieties

Recall that a Noetherian local ring A is regular if
dim (m/m?) = dim(A).

Here m C A is the unique maximal ideal and k = A/m is its residue field. In general, we have > instead
of equality, and the left-hand side coincides with the minimal number of generators of m. Every regular
ring is a UFD (this is not so easy to show).

2See the note on separable extensions from last semester, available at https://achinger. impan.pl/ca2025/sep.pdf
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Definition 6.2.1. Let X be an algebraic set and let x € X. We say that X is nonsingular at x if Oy , is a
regular local ring.

We shall also call x a smooth or regular point. If every point is nonsingular, we say that X itself is
nonsingular/smooth/regular.

Examples 6.2.2. (a) If dim(X) < I, the ring Oy , is regular if and only if it is a discrete valuation ring
(or equal to k in case of isolated points), if and only if it is integrally closed.

(b) The affine space A" is nonsingular. Indeed, for every x = (x1,...,x,) € A" we have dim(Ox ) =n
and the maximal ideal m is generated by n elements T; — x;.

(c) LetX =V(f) C A" be a hypersurface (where f # 0) and let x € X. Then X is nonsingular at x if and
only if (9.f/dT;)(x) # 0 for some i. Proof: Since dim(Ox ;) =n— 1, we want dim(m/m?) =n— 1.
If n=(Ty —xi,...,T,—x,) Ck[T1,...,T,] is the ideal corresponding to x, then

m/m* =n/((n*+(f))

which has dimension either 7 or n — 1, and the latter precisely when f ¢ n%. We can write
f(T,.. T) =Y =-(x)- (Ti—x)+R
59T,

where R € n2. Thus f € n? precisely when (9 f/dT;)(x) = 0 for all i.

Theorem 6.2.3. Let X C A" be an affine variety and let [ =J3(X) = (fi,..., f,) be its ideal. Then a point
x € X is nonsingular if and only if

rank BJ;{ (@} = n—dim(X).

Proof. We did the case r = 1. For the general case see Theorem I 5.1 in Hartshorne. O

In general, for two nonsingular points x € X and y € Y, the local rings Ox , and O , are often non-
isomorphic even if they have the same dimension. Indeed, we have k(X) = Frac(Ox ), so Ox y ~ Oy,
only if X and Y are birational. So our intuition from differential geometry that a smooth variety should
locally look like A", taken too literally, is false. This is because Oy , is defined in terms of Zariski open
neighborhoods of x, which are very large. One can resolve this issue either by considering the étale
topology (which we might cover later) or by completing the local ring.

Theorem 6.2.4 (Special case of Cohen’s structure theorem). Let X be an algebraic set and let x € X.
Denote by
OX.,x - l&n OX,x/m;l
n

the completion of the local ring Ox , with respect to its maximal ideal. Then x is a nonsingular point of
X if and only if
OX,x ~ k[[T],. . .,Tn]].

More precisely, if fi,..., f, € m,, we have a unique continuous homomorphism
0:k[Ti,....T,] — Ox.,  O(T)=f.
The map 0 is surjective if and only if m, = (f1,..., f,), and an isomorphism if and only if in addition
n=dim(k[7y,...,T,]) = dim(Ox ),

which happens precisely if Oy , is regular.
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Theorem 6.2.5. Let X be a variety. Then the set Sm(X) of nonsingular points of x is a non-empty open
subset of X.

Proof. Theorem 6.2.3 implies that Sm(X) is open. We need to show it is non-empty. For this, we are go-
ing to follow [Hartshorne, Theorem I 3.5] which uses Theorem 6.1.2 above. See [Kempf, Lemma 6.1.6]
for a fun and elementary proof of the same fact.

By Corollary 6.1.3 we may assume that X = V(f) C A"*! is an affine hypersurface. The con-
struction ensures that the projection X — A" onto the first n coordinates is “separable,” more precisely
that (f,f") =1 in k(T1,...,T,)[T] where f' = df/dT. This means that we can write | = af + ff’ in
k(Ty,...,T,)[T]. Take t = (t1,...,t,) € A" where the denominators of o and 8 do not vanish and a point
x € X above t. Then of + B f' = 1 implies that f/(x) # 0, and so X is smooth at x. O

Remark 6.2.6 (Resolution of singularities). One of the most important tools in algebraic geometry is
the ability to reduce questions about arbitrary varieties to the case of nonsingular varieties by means of
“resolution of singularities,” established in 1970 by Hironaka. Hironaka’s theorem says the following:
let X be a projective variety and assume that k£ has characteristic zero, then there exists a birational
map 7: X' — X such that X’ is a nonsingular projective variety. We will learn how to do this for curves
(by means of “normalization™). Already for surfaces, the problem becomes nontrivial (but was resolved
by Zariski in the 1940s). Nobody knows how to resolve singularities in positive characteristic beyond
dimension 3, despite continued effort.

6.3. Nonsingular curves

By a curve we shall mean a separated one-dimensional variety.
Lemma 6.3.1. Let C be a curve and let x € C. The following are equivalent:
(a) Cis non-singular at x i.e. Oc  is a regular local ring;
(b) Oc, is a discrete valuation ring;
(c) Ocy is integrally closed;
(d) the maximal ideal m, C Oc  is principal.
Proof. See Atiyah—Macdonald, Proposition 9.2. U

Remark 6.3.2. The algebra behind this proof can be used to show more generally that if X is a variety
of dimension d which is normal (i.e. O(U) is integrally closed for every non-empty affine open U C X),
then the set of singular points of X has dimension at most dim(X) — 2. (We say that X is “regular in
codimension one.”)

Our next goal is to globalize the construction of integral closure, which in particular will give us a
way of desingularizing curves.

The discussion below until the end of §5.3 was not covered on Feb 10 and will be done in the future.

Definition 6.3.3. A morphism of algebraic sets ¢ : ¥ — X is finite if for every affine open U C X, its
preimage V = ¢~ (U) C Y is affine and the map of rings ¢*: O(U) — O(V) is finite (meaning that O(V)
is a finitely generated module over O(U)).

Examples 6.3.4. (a) A closed immersioni: Y — X is finite.

(b) By the “going-up theorem,” a finite map is closed.
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(c) A morphism between affine algebraic sets ¢: ¥ — X is finite if and only if ¢*: O(X) — O(Y) is
finite.

(d) Let A be a finitely generated domain over k and let A’ be its normalization (integral closure in its
field of fractions). By “finiteness of integral closure,” the map MSpec(A’) — MSpec(A) is finite.

(e) By Noether normalization, every affine algebraic set X admits a finite dominant map X — A"
where n = dim(X).

Corollary 6.3.5. Let X be a curve. Then there exists a finite and birational map of curves X' — X where
X' is nonsingular.

Proof (sketch). If X = MSpec(A) is affine, we take X’ = MSpec(A’) where A’ is the normalization of A.
In general, cover X by affines X; = MSpec(A;) and set X] = MSpec(A}) where A/ is the normalization
of A;. Then X;NX; is affine, and its preimage in either X; or X is equal to MSpec(A};) where A}; is the
normalization of A;; = O(X;NX;). This allows us to glue the X/ — X; into a global X" — X. O

Remark 6.3.6. If X is projective then so is X’. We currently lack the tools to show this.

Lemma 6.3.7. Let C be a non-singular curve. Then every rational map from C to P" is everywhere
defined.

Proof. Represent ¢: C --+P" by amap U =C\ {xy,...,x,} — P". We may assume U is the largest set
on which ¢ is defined, and we aim to show r = 0. Otherwise, let x € {xj,...,x,}, and we aim to extend
the map over x. This is local around x, and so we may assume that C = MSpec(A) is affine and x =V ()
for some 7 € A (recall that Oc , is a dvr), and that there exist fp, ..., f, € A[1/m] which generate the unit
ideal such that ¢ is on D(w) = C\ {x} given by (fo : ---: f,). Clearing denominators, we may assume
Jos--sfn €A and fy ¢ mA. But then (fy: ---: f,) defines an extension of ¢ to C. O

Corollary 6.3.8. Let X and Y be projective non-singular curves. If X and Y are birational, then they are
isomorphic.

6.4. Problem session (Feb 10), part one: blow-ups

Dislaimer: The write-ups from the problem sessions are supposed to be rough transcripts of what has
been discussed; they are not meant to be complete.

During the first half of the problem session, we discussed the following construction. The projective
space P can be regarded as the space of lines through the origin 0 € A" Ifa = (ag: --- : a,) €P"isa
point, then the corresponding line £, C A"*! is cut out by the system of linear equations

aiTj—a;T; =0, 0<i<j<n
(if say ap # 0, then we can consider only the n equations ao7; —a;Tp with j = 1,...,n). Note that these
are the determinants of the 2 x 2 minors of the (n+ 1) x 2 matrix with rows (ay,...,a,) and (Ty,...,T,).

The blowup of the affine space A" is the space of pairs
B={(a,x) eP"x A" : x € L,} =V(X,Tj — X;T;) CP" x A"*!

(where Xp,...,X, are now the homogeneous coordinates on ") which we can regard as the set pairs
(L,x) where x € A""! and L C A"*! is a line through the origin which contains x. The space B is thus
an algebraic set (in fact, a non-singular variety).

We denote by 7: B — A""! the projection map (L,x) + x. Note that for x # 0, we have 7~ (x) =
{(Lx,x)} where L, is the unique line through 0 and x. On the other hand, we have £7!(0) = P" x 0. So
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all fibers are singletons except one fiber which has dimension n. The map 7 induces an isomorphism
over A"\ 0 and hence is birational.

Recall that P” is the union of n + 1 copies Up,...,U; of the affine space A”. Thus P" x A"*! is
the union of n + 1 copies U; x A""! of A?"*!, and B is the union of n+ 1 open affine subvarieties
B; = BN (U; x A" In order to avoid notational nightmare, let us explicate this in case n = 1. Let now
the coordinates on A2 be x,y and on P! be U, V.

* The coordinates on By = {U # 0} are x,y, and v="V /U. There is a single equation xV = yU cutting
out B, which translates to By = {xv =y} C A3. Note that we have By ~ A? with coordinates x, v
and the map 7|g, is the map (x,v) — (x,xv).

» Similarly, B; ~ A? with coordinates y,u = U /V with x = uy.
See the illustration in Hartshorne I §4.

Definition 6.4.1. Let X C A""! be a closed subset. We define its strict transform to be the closed subset
X C B defined as
X =n"1(X\0).

The tangent cone of X at 0 is Co(X) =X Nz~'(0) C P".
We computed the strict transform of the following two singular plane curves
C:y2:x3, D:y2:x3+x2.

For this we used the description of the closure from Lecture 1, section 1.5.
Curve C: on By, we substitute y = vx in the equation of C to get

V=X =1 = =2 (v —x).
Since we are computing the closure of this minus the line {x = 0}, we can divide out the x and conclude
that C N By is the parabola x = v2. It meets the line {x = 0} = 7£~!(0) "By in the single point O but with
multiplicity two (it is tangent to the line). A similar computation in the other chart B; gives that C B,
is cut out by 1 = uy, which is a smooth curve which does not meet the line {y = 0} and in fact C is
contained in By. Conclusion: C is a smooth curve, in fact isomorphic to A! with coordinate v = y/x, and
O(C) = k[v] is the normalization of O(C) = k[x,y]/(y* — x*) = k[v?,v?]. Its tangent cone consists of one
point (1 : 0) with multiplicity two. Geometrically this corresponds to the fact that at 0, the curve C is
singular but seems to have one tangent direction, the horizontal axis y = 0.
Curve D: on By, we substitute y = vx in the equation of D to get

3

V- —xr=x*(V—x—1),

and again DN By is cut out by x = v? — 1, a parabola meeting {x = 0} at two points v = £1. Geometrically,
these points correspond to the two slopes +1 of the two “branches” of D at the origin. We skip the
remainder of the computation. Conclusion: D is smooth and its tangent cone consist of two points.

We also noted how for the curve x” = y? for a coprime pair (p,q) successive blowups perform the
Euclid algorithm on (p, g), ultimately desingularizing the curve.

6.5. Problem session (Feb 10), part two: What is algebraic geometry?

We discussed the following short list of problems (easy, hard, and unsolved) studied in algebraic geom-
etry. We managed to cover (a)—(d) and part of (e), and we shall return to this review later.
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(a) (Enumerative geometry) How many solutions does the system

f(X.Y)
g(X,Y)
have, for a pair of coprime square-free polynomials f, g € k[X,Y]|? The answer (Bezout’s theorem)
is that this number is at most deg(f) - deg(g), and that if k is algebraically closed, it will typically
be equal to this bound. More precisely, we will get exactly deg(f) - deg(g) if we count the solutions

with correct multiplicity, and if we also count points at infinity (in the projective plane P?), which
correspond to common asymptotes of the curves f =0 and g =0.

0
0

For a less trivial question of enumerative kind: how many conics are tangent to five randomly
chosen conics in P2? The answer is 3264 (with probability 1). Why?

(b) (Real geometry) How many connected components does the set of real solutions of the equation
Y?=X’+aX+b

have? Answer: one if A = 4a> +27b%* > 0 and two if A < 0.

In general, according to Harnack’s theorem for an equation f(X,Y) = 0 defining a nonsingular
curve, the set of real solutions has at most (degz(f )) + 1 connected components.

For a surprisingly still unsolved problem, consider Maxwell’s “mystery of point charges” []. Con-
sider 3 point charges qi,¢2,¢> located at three distinct points p; = (x;,y;) in the plane R?. Ac-
cording to Coulomb’s law, the electrostatic force acting charge ¢ # 0 located at a varying point

p = (x,y) equals
3

q4:(p — pi)
Fp)=) ———==-.
(?) ,; lp—pil
We say that p € R? is an equilibrium point if F(p) = 0. How many equilibrium points can there
be?

According to Maxwell, at most four (and in general, for n charges in R?, at most (n— 1)?). Nobody
knows how Maxwell would justify this conjecture. According to Bezout’s theorem and my hands-
on calculation, the number of complex solutions is likely equal 1600. Currently, the best known
bound, due to Gabrielov—Novikov—Shapiro [] (2004), is 12.

(c) (Algebraic topology) What is the “shape” of the set of complex solutions of the equation
FX,Y) =07

We assume that this set is nonsingular, i.e. that f, d f/dX, and d f /dY do not have a common zero,
(and, to be completely precise, that the homogenous form of f of highest degree is square-free).
The answer is: it is an orientable surface of genus

(deg(f) — 1)(deg(f) —2)
2

g =
with deg(f) punctures.

(d) (Number theory) For f as above, how many solutions does f(X,Y) = 0 have over Q? The answer
(Faltings’ resolution of the Mordell conjecture): finitely many as long as g > 1. In the special case
f(X,Y)=X"+Y"—1 (with n > 3) this question is Fermat’s last theorem, proved by Wiles and
Taylor in 1995.
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(e) (Point counting) How many solutions does the equation
E : Y'=X-X
have over the finite field F; = Z/7? Answer: 7, namely (0,0), (£1,0), (5,£1), (6,+2).
What do we learn from this? The equation describes an elliptic curve E, and the solution set
over [, (with the addition of a single point at infinity, which acts as the neutral element) is a finite
abelian group E(FF,), which in this particular case is isomorphic to Z/2 @ Z/4. These finite groups

are important in cryptography, and their orders n, = #E(F,) (for a varying prime p) make up in
the corresponding L-function

LE,s)=]] 1

p>2

1
_app—s +pl—2s’

ap=p+1-n,

featured in the BSD (Birch and Swinnerton-Dyer) conjecture, which states that the order of van-
ishing of L(E,s) at s = 1. One of the early results in the arithmetic of elliptic curves is the Hasse
bound

|p+1—np|=lay| <2/p.
The Sato-Tate conjecture (proved in 2011) predicts the distribution of the numbers a,/2,/p in
the interval [—1,1] as p — oo.

The Hasse bound was generalized by Schmidt and Weil to arbitrary (smooth and projective) curves
over finite fields:

lg+1—#C(F,)| <2g./q.
Curiously, this statement is equivalent to a kind of Riemann hypothesis for the corresponding zeta
function {(C,s). We shall prove Weil’s result in the final part of the course.

(f) (Moduli theory) Describe the set of all (smooth and projective) complex curves of genus g > 2.
Answer (Deligne-Mumford): they are parametrized by an irreducible and smooth algebraic variety
of dimension 3g — 3.

(g) (Birational geometry) Consider a homogeneous equation of degree d > 1 in n+2 > 3 variables:
X . f(X(),...,X,H_l):O.

Let us suppose that the corresponding set of (complex) solutions in P"*! is non-singular (i.e. the
only possible singular point of X in k"2 is the origin). For which values of d and n can the variety
X be rational? By definition, this means that there exists a one-to-one map from an open subset of
A" into X.

It turns out that X is rational for d < 2, and for d = 3 when n = 2 (a cubic surface is rational).
For d = 3 and n = 3, the general cubic threefold is not rational, by a celebrated result of Clemens
and Griffiths. For d = 3 and n = 4, the general cubic fourfold is not rational, according to a recent
(summer 2025) preprint of Kontsevich, Katzarkov, Pantev, and Yu.

(h) (Singularity theory) Consider once again a hypersurface (single equation) over C
X : f(n,...,1,)=0

and suppose that f(0,...,0) = 0 and that (0,...,0) is an isolated point of the zero set of f and all
df/dT; (that is, the origin is an isolated singular point of X). What can we say about the topology
of the singularity of C around p? For a beautiful answer, read Milnor’s book Singular Points of
Complex Hypersurfaces. For a recent development in this area, see J. Ferndndez de Bobadilla,

T. Petka Symplectic monodromy at radius zero and equimultiplicity of [L-constant families (Ann.
Math. 2024).
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7. Lecture 7 (Feb 12): Sheaves

Recommended reading: Hartshorne I1.1, Kempf §4, Vakil §2

7.1. Review of sheaves

We review the basics of sheaf theory, without proofs.
Definition 7.1.1. Let X be a topological space.
(a) A presheaf (of abelian groups) F on X consists of the following data:

* for every open U C X, an abelian group F(U);

» for every pair of opens U,V C X such that V C U, a homomorphism pyy: F(U) — F(V)
(called the restriction map)

such that

i. pyy = 1id for every open U C X;
ii. pyw = pv,w o py,v for every triple of opens U,V,W C X suchthat W CV C U.

(In other words, JF is a contravariant functor F: Opens(X)°® — Ab from the category (poset) of
open subsets of X to the category of abelian groups.)

(b) A map of presheaves f: F — G is a collection of homomorphisms f;: F(U) — G(U) for every
open U C X which are compatible with the maps in the sense that for V C U we have

fv op{iv = plgj7V o fu.
(In other words, f is a natural transformation between the two functors F,5: Opens(X)°? — Ab.
(c) We introduce the following notation and terminology.

* We denote the category of presheaves on X by PSh(X).

Elements of F(U) are called sections of F over U.

Elements of F(X) are called the global sections of F.

For s € F(U) and V C U, we write s|y for py v (s) € F(V) and call it the restriction of s to
V.

* For f: F — G we denote the maps fi: F(U) — G(U) simply by f. (In particular, the condi-
tion in (b) can be more succintly written as f(s|y) = f(s)|v.)

(d) A presheaf F on X is a sheaf if for every open U C X and every family {Ugy }qes of opens with
U = JUyg, and every family of sections so € F(Uy) such that for every a, B € I we have

Salugnuy = Sglugnus  in F(UgNUp)
there exists a unique section s € F(U) such that for every o € I we have
Slu, = Sa-
We denote by Sh(X) the category of sheaves (a full subcategory of PSh(X)).

We have defined (pre)sheaves of abelian groups, but in the same way one defines (pre)sheaves of
sets, groups, or rings.
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Examples 7.1.2. (a) Let X be a topological space and let G be a topological abelian group (e.g. G =
R). We define a presheaf Cs on X by

Cq(U) = {continuous maps U — G}
(with the obvious restriction maps). Then Cg is a sheaf.

(b) Special case of (1): let G be an abelian group, and make it into a topological group by giving it the
discrete topology. Then C(U) consists of locally constant functions U — G, and the sheaf Cg is
called the constant sheaf with value G and denoted by G.

(c) Another special case of (1): let G be an abelian group, and this time make it into a topological
group by giving it the indiscrete topology. Then C(U) consists of all maps of sets U — G.

(d) Let X = C be the complex plane and let O(U) denote the ring of holomorphic functions on an open
U C X. This is a sheaf of rings on X.

(e) Let X be a space with functions (over an implicitly chosen field k). Then the association U >
O(U) = {regular functions on U } defines a sheaf on X, denoted by Ox and called its structure
sheaf.

(f) Let f: Y — X be a map of topological spaces. Let 8¢ be the presheaf associating to U C X the set
of all sections of f|y, i.e. of all continuous maps s: U — Y such that the composition U — Y — X
equals the inclusion map U — X. This is a sheaf of sets on X, called the sheaf of sections of the

map f.

Definition 7.1.3. Let X be a topological space.

(a) Let J be a presheaf on X and let x € X. We define the stalk of J at x to be the direct limit
U

over all open neighborhoods U of x. (Concretely, elements of F, are represented by pairs (U, s)
where x € U and s € F(U), where we identify (U,s) with (U’,s’) if there exists an open U” C
UNU' with x € U” such that s|y» = s'|y». We denote the image of (U, s) in F by s, and call it the
germ of s at x.)

(b) The sheafification of & is the presheaf F* given by associating to U C X the set of all functions
s: U = | ey Tx such that

i. s(x) € Iy forevery x € U;

ii. for every x € U there exists an open neighborhood V C U of x and a section ¢ € F(V) such
that for every y € V, we have s(y) =1,.

Note that F* is a sub-presheaf of D(F), and that there is a map of presheaves i: F — F* mapping
s € F(U) to the function x — s,. These constructions are functorial in J in the obvious way.

Proposition 7.1.4. Let F be a presheaf on a topological space X.
(a) The presheaf D(F) is a sheaf.
(b) The presheaf F is a subsheaf of D(F).

(c) Everymap f: F — G into a sheaf G factors uniquely through i: F — F*.

(In other words, F — F° defines a functor PSh(X) — Sh(X), called the sheafification functor,
which is left adjoint to the inclusion functor Sh(X) — PSh(X).)
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(d) T is a sheaf if and only if the map i: F — F* is an isomorphism.

Lemma 7.1.5. A map of sheaves F — G is an isomorphism if and only if for every x € X, the map on
stalks F, — Gy is an isomorphism.

Operations on sheaves. Let X be a topological space.

(a) Binary coproducts. Let F and G be sheaves on X. Then U +— F(U) @ G(U) is a sheaf (denoted
F & 9) which is the categorical coproduct of F and §. It coincides with the binary product F x G,
and for x € X we have (F® §), = F, ® G-

(b) Kernels. Let f: ¥ — G be a map of sheaves on X. Then U — ker(F(U) — G(U)) is a subsheaf of
F denoted by ker(f). It is the kernel (equalizer of f and the zero map) in the category of sheaves
on X, and for x € X we have ker(f), = ker(Fy — Gy).

(c) Products. Let {Fy}aecs be a family of sheaves on X. Then U — [[ye; Fo(U) is a sheaf on X,
which is the categorical product [],c; Fo of the family of sheaves {Fy } . In general, for x € X,
(IMeer Fa)x does not coincide with [Toer(Fo)x-

(d) Cokernels. Let f: 3 — G be a map of sheaves on X. The presheaf cokp(f) defined by U —
cok(F(U) — G(U)) is not a sheaf in general. We define the cokernel cok(f) = cokpre(f)* to be
the sheafification of this presheaf. It is the categorical cokernel of f (the coequalizer of f and the
zero map) and for every x € X, we have cok(f), = cok(Fy — Gy).

(e) Quotient. For a sheaf § and a subsheaf F C G, the quotient §/F is the cokernel of the inclusion
F — G, i.e. the sheafification of the presheaf U — G(U)/F(U).

(f) Image. The image im(f) of a map of sheaves f: F — G is the sheafification of the presheaf
U im(F(U) — G(U)) (which is a subsheaf of G), or equivalently the quotient F/ker(f) or the
kernel of § — cok(F). (In particular, the category Sh(X) is an abelian category.)

(g) Cohomology and exactness. A complex of sheaves F* is a sequence of sheaves F" (n € Z) and
maps d": F* — F"+! such that " od"~! = 0 for all n. Its n-th cohomology sheaf H"(F*) is the
quotient ker(d") /im(d"~"). We say that J*® is exact if H"(F*) = O for all n. The stalk H"(F*),
is the n-th cohomology of the complex of abelian groups J}, and J° is exact if and only if the
complexes J are exact for all x € X.

(h) Coproducts. Let {Fy}acs be a family of sheaves on X. Then the presheaf U — @ yc; Fo(U)
is not a sheaf in general, and we define @ ,; I to be its sheafification, which is the categorical
coproduct of the family of sheaves {Fq }ger-

(i) Restriction. Let J be a sheaf on X and let U C X be an open subset. Then the presheaf on U given
by V — F(V) (for opens V C U) is a sheaf on U, denoted by F|y.

() Tensor product. Let A be aring and let I and G be sheaves of A-modules on X. The presheaf U +—
F(U)®4 G(U) is in general not a sheaf, and we define F ®4 G to be its sheafification. There is an
A-bilinear map F x § — F®, G sending (s,7) € F(U) x §(U) to the image of s@t € F(U) 24 G(U)
in (F®4 G)(U), which has the usual universal property: every A-bilinear map F x § — H into a
sheaf of A-modules J{ factors uniquely through an A-linear map J ®4 § — J{. Moreover, we have
(9:®A g)x = JTx®A 9x~

(k) Sheaf of homomorphisms. Let 5 and G be sheaves of A-modules on X (there are obvious variants
for sheaves of sets etc.). Then the presheaf

U »—>H0mA(3"|U,9|U)
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(m)

sending U to the A-module of all A-linear maps F|y — G|y is a sheaf denoted by Homa (F,9). It
is right-adjoint to ®4 in the sense that

Homy (F @4 G, H) ~ Homy (F, Homa (G, H)).
Direct image. Let ¢: Y — X be a map of topological spaces and let G be a sheaf on Y. Then the
presheaf on X defined by U — G(¢ ' (U)) is a sheaf denoted by ¢.(S).

Inverse image. Let ¢ : Y — X be a map of topological spaces and let F be a sheaf on X. We define
0" (F) to be the sheafification of the following presheaf on Y:

U lim FV)
pU)cv

(filtered colimit over all opens V C X containing the image ¢ (U)). For example, the stalk F, is the
pull-back i¥(F) along the inclusion i,: {x} — X. In general, for every y € Y, we have a canonical
identification

(6"F)y = Fo(y
The functors ¢, and ¢* form an adjoint pair:
Hom(¢*F,G) ~ Hom(F, 9.9).

Moreover, ¢, is a left exact functor and ¢* is exact.
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8. Lecture 8 (Feb 17): Schemes

Recommended reading: Hartshorne 11.2-3

8.1. Sheaves on a base

Let X be a topological space. A base of the topology on X is a family of open subsets B C Opens(X)
such that every open of X is the union of a family of elements of B.

Examples 8.1.1. (a) Let X = R" and let B be the family of all open balls.
(b) Let X be an algebraic set and let B be the family of all affine opens.

(c) Let X = Spec(A) for a ring A and let B be the family of all open subsets of the form D(f) for
feA.

Definition 8.1.2 (Sheaf on B). Let X be a topological space and let B be a base of its topology. A sheaf
on B is a functor F: B°? — Ab such that for every U € B and every family {Uy }qes Of elements of B
such that U = (Jy¢; Uq, and every family of sections sq € F(Uy) such that for every o, B € I and every
V € B contained in Uy NUg we have

Salv = sglv

there exists a unique section s € F(U) such that for every o € I we have

S|lu, = Sa-

Remark 8.1.3. Suppose that B is closed under intersections (as is the case in Example 8.1.1(b) (if X is
separated) and Example 8.1.1(c). In this case, we can take V = Uy N Up in the above definition.

Proposition 8.1.4. Let X be a topological space and let B be a base of its topology. Then the restriction
functor PSh(X) — PSh(B) induces an equivalence of categories

Sh(X) ~ Sh(B).

Proof (sketch). We first note that by definition of a base, every open neighborhood of a point x € X
contains a neighborhood which belongs to the base B. Therefore, the stalk F, of a presheaf F on X
depends only on its restriction to B:
F= Lug FU).
xeUeB

The same formula defines the stalk F; of a presheaf F on B. Our construction of the sheafification
(Lecture 7) can therefore be adapted to give a functor from presheaves on B to sheaves on X. That is, for
a presheaf F on B we define the presheaf 3 on X associating to U C X the set of all (s(x)) € [Tiey Fx
such that for every x € U there exists an open neighborhood V C X of x such that V € B and a section
t € F(V) such that for every y € V we have s(y) = f,. The proof of the existence and basic properties of
sheafification adapts easily to finish the current proof. O

8.2. Basic lemma

Lemma 8.2.1. Let A be a ring and let fi,..., f, € A be elements generating the unit ideal in A. Then the
map A [1i_, A[f;"] sending g € A to (g,...,g) induces an isomorphism

A = ker <ILIA[fi_]] 2, fl A[(fifj)_l]>

i=1 ij=1

where the map 0 is defined by

6(g177gr)lj =&i—&j eA[(flf])il}
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Proof. We handle injectivity first. Suppose that g € A maps to zero in []/_; A ffl}. This means that
foreachi=1,...,r we have f/"g =0 for some n; > 1. Now A = (fi,..., f») implies A = (f}", ..., fi').
Write 1 =Y/, h;f" for some hy,...,h, € A. Multiply the last equality by g to get

p
g= Zh,-fi""g =0.
i=1
Surjectivity is easily seen to be equivalent to the following claim: given g1,...,g, € A and an integers

n,m > 0 such that
(fifi)"(fi'gj— f78i) =0
foralli,j € {1,...,r}, there exists an integer k > 0 such that

fik(gfin —8i)=0
forall i =1,...,r. We will show this with k =m. Now A = (fi,..., f,) implies A = (f]"*",..., {1, so
we can write 1 =3, hjf;'”” for some hy,...,h, € A. Let

,
g=) hifis;
j=1
Then fori=1,...,r we have
r r r
gifim — Z hjflr_l+n1gl_ﬁm — Z hj ,"ngjf;'n — l_n+m Z hjfjﬂgj — fl_n+mg7
j=1 j=I j=1

as desired. O

Corollary 8.2.2. Let A be a ring and let X = Spec(A). There exists a unique sheaf of rings Ox on X such
that for every f € A we have

Ox(D(f)) =A[f ']

(and such that for f,g € A, the restriction map Ox (D(f)) — Ox(D(fg)) coincides with the natural map
Alf1 — Al(fg)~Y). Moreover, for every x € X corresponding to a prime ideal p, C A, we have

OX,X ~ Apx .
Proof. We first check that the ring A[f~!] depends only on the open subset U = D(f). To this end, let

Su=1{g€A: D(g) CU}=((A\po).

xeU

Then A[f '] = A[S,].

Now consider the base B of the topology on X consisting of all opens of the form D(f). The
association D(f) — A[f~!] makes sense thanks to the previous paragraph, and defines a presheaf on the
base B.

We now use Lemma 8.2.1 to check that this presheaf is a sheaf on the base B. Let thus U = D(f)
be covered by Uy = D(fy), and let s, € A[f,;'] be elements such that for every o, B € I, the images of
sq and sg in A[(fo.f) "] are equal. Since D(f) ~ Spec(A[f~']) is quasi-compact, there exists a finite
subset Ip = {1,...,r} C I such that U = |J;_, U;. In other words, f,...,f, generate the unit ideal in
A[f~!]. We are now in position to apply Lemma 8.2.1 to the ring A[f~!], obtaining a unique s € A[f ]
such that s; is the image of s in A[f; '] fori=1,...,r.

Since possibly Iy # I, we still need to verify that s is the image of s in A[f~!] for all & € 1. But this
is easy, simply label o as r+ 1 and run the previous argument for I} = IU{a} = {1,...,r,r+1}. O
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8.3. Schemes

Definition 8.3.1. (1) A ringed space is a pair (X,0x) where X is a topological space and Oy is a
sheaf of rings on X. (Often, we shall write X meaning the pair (X,Ox).)

(2) A morphism of ringed spaces (Y,Oy) — (X, Ox) is a pair (¢,¢*) where ¢ : ¥ — X is a continuous
map and where ¢*: Ox — ¢.0Oy is a homomorphism of sheaves of rings on X (in other words, a
compatible system of ring homomorphisms

9": Ox(U) — 0y (¢~ (U)))-
(Again, we shall simply write ¢ : ¥ — X instead of (¢,¢*): (¥,0y) — (X,0x).)

(3) A locally ringed space is a ringed space (X,Ox) such that for every x € X, the stalk Oy, =
lim ., Ox(U) is alocal ring.

(4) A morphism of locally ringed spaces (Y, Oy) — (X, Ox) is a map of ringed spaces ¢ : ¥ — X such
that for every y € Y, the induced map

¢*: Ox gx) — Ory
is a local ring homomorphism (maps the maximal ideal into the maximal ideal).

Examples 8.3.2. 1. Let X be a topological space and let A be a ring. Then the pair (X,A) of X with
the constant sheaf with value A is a ringed space which is a locally ringed space if and only if A is
local or X = 0.

2. Every swf can be regarded as a locally ringed space, by forgetting that the structure sheaf consists
of k-valued functions. Morphisms of swf’s induce morphisms of locally ringed spaces. (See
Problem Set 4.)

3. Let X = C be the complex plane and let Ox be the sheaf of holomorphic functions on X. Then X
is a locally ringed space (this is a special case of (2)).

4. Let X = Spec(A) for a ring A, and let Ox be the structure sheaf constructed in Corollary 8.2.2.
Then (X, Oy) is a locally ringed space.

Let X be a locally ringed space. We introduce the following notation, familiar from our treatment of
Spec(A) last semester:

* for x € X, we denote by x(x) the residue field of the local ring Oy , and call it the residue field of
X5
 foranopen U C X, an f € Ox(U), and x € U, we denote by f(x) the image of f, € Ox , in K(x).
We note that the notion of a map of locally ringed spaces ¢ : ¥ — X is rigged so that for y € Y and an

open neighborhood U of x = ¢(y) we have a unique map of residue fields k(x) — k() fitting inside the
commutative diagram

Oy(¢~'(U)) Oy, K(y)
A
¢*T ¢*T
OX<U) OX,x K(x).

Thus, implicitly treating k(x) as a subfield of k(y) via this map, we have the equality in k(y):

¢" (M) =f(00),

which lets us pretend that ¢* is defined by composing regular functions with ¢, as in the case of swf’s.
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Lemma 8.3.3. Let X be a locally ringed space, let U C X be an open subset, and let f € Ox(U). Then
the subset

D(f) = {xeU : f(x) £0} CU
is open and f|p(p) € Ox(D(f))*.

Proof. Ifx € D(f), then f, = (U, f) € Ox . is not in the maximal ideal, and hence is invertible. Therefore
there exists a germ (V,g) (where x € V and g € Ox(V)) such that (U, f)-(V,g) = 1. This equality
means that there exists a W C U NV containing x such that f|w - glw = 1 in Ox(W). But then for
every y € W, we have f,-g, = 11in Oy, so that f; € Oy, is invertible, i.e. f(y) # 0. This shows that
x € W C D(f), and hence that D(f) is open (as x was arbitrary). Moreover, we have constructed an
open cover D(f) = Uges Wa and elements go € Ox (W) such that f|w, - go = 1. These elements form
a compatible family: on Wy, N Wp, both g4 and gg give inverses of f ’Wamwﬁ and hence are equal. By the
sheaf condition, we have a unique g € Ox(D(f)) with g = glw,. Then f|p(s) - g = 1, as checked after
restriction to each W. ]

Definition 8.3.4.  (a) An affine scheme is a locally ringed space (X, Ox ) isomorphic to (Spec(A), Ospeca)
for some ring A (note that then A = Ox (X)).

(b) A scheme is a locally ringed space (X, Ox) which is locally isomorphic to an affine scheme; more
precisely, there exists an open cover X = (J,c; Ug such that each (Uy, Ox|y, ) is an affine scheme.

(¢) A morphism of schemes is a morphism of locally ringed spaces.

Lemma 8.3.5. Let A be a ring, let X = Spec(A), and let f € A. Then

(D(f),Ox|p(s)) ~ Spec(A[f'])
is an affine scheme as well.

Proof. The identification of underlying spaces is known from commutative algebra, and the identification
of structure sheaves is obvious. O

Corollary 8.3.6. Let X be a scheme.
(a) Every open subspace of X (endowed with the restriction of Ox) is a scheme.
(b) Affine open subsets form a base of the topology on X.

Proof. (a) Let V C X be an open subspace and let X = |JU,, be an affine open cover. Then V = |J(Uy N
V). However, the Uy, NV might not be affine. To deal with this, note that since U, NV is an open of
Uog = Spec(Aq), Aq = Ox (Ug), it is covered by standard opens Wyg = D(f5) Which are isomorphic to
Spec(Aq]| f;&) by the previous lemma.

(b) Again let X = |JU, be an affine open cover. Then for every o the standard opens D(f) ~
Spec(O(Uq)[f"]) C Uy, f € O(Uy) form a basis of the topology on Uy, and hence varying « and f we
obtain a base of affine opens on X. O

We will prove the following universal property of Spec(A) next time:
Proposition 8.3.7. Let X be an affine scheme and let Y be a locally ringed space. Then the map
¢ — ¢": Homprs(Y,X) — Homgines(O(X),0(Y))
is bijective.

Corollary 8.3.8. The functor A — Spec(A) establishes an arrow-reversing equivalence between com-
mutative rings and affine schemes, with inverse functor X — Ox (X).
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8.4. Problem session (Feb 17)
We discussed the following problems.

1. Prove Lemma 8.3.3.

Done, see the proof of Lemma 8.3.3.

2. More motivation for the definition of a morphism of LRS [Hartshorne, Example 11 2.3.2]

Let R be a discrete valuation ring, and write X = Spec(R) = {n,s} where s is closed. Let K =
Frac(R) and Y = Spec(K) = {y}. The map R — K induces a map of schemes ¢: ¥ — X sending y
to 1. We constructed a different map of ringed spaces (but not on locally ringed spaces) y: ¥ — X
which sends y to s. This shows the importance of the extra condition in the definition of a morphism
of locally ringed spaces, and that the assertion of Proposition 8.3.7 is false if we take maps of ringed
spaces on the source.

3. Tangent vectors as maps from a fat point [Hartshorne Exercise Il 2.8]

As one motivation for the notion of a scheme we show a very geometric way of treating tangent
vectors, made possible by the admission of nilpotents.

Let k be an algebraically closed field and let A be a finitely generated and reduced k-algebra. Let
x € MSpec(A) = Homy (A, k) be a point of the corresponding affine algebraic set. The Zariski
cotangent space at x is the vector space over k

T, = (m,/m?)" = Homy (m,/m? k).

Let X = Spec(A), T = Spec(k[e]/(€?)) and « = Spec(k). Let x — X be the map induced by
evy: A — k and let x — T be the map induced by € +— 0. Consider the problem of finding a map
v: T — X of k-schemes fitting inside the commutative diagram

* —X

T

In other words, we seek maps from the “fat point” 7' — X which send the underlying “classical”
point x C 7 to x.

Claim. Such maps v are in bijection with the Zariski cotangent space T.

To see this, we use the equivalence between affine schemes and rings to translate the diagram into

a diagram of k-algebras

kle]/(e?)
The diagonal map v*: A — k[€]/(€?) sends thus an element f € A to
Vi(f) = f(x) +8.(f)e

for some map 9,(f): A — k. We verify easily that v* is a ring homomorphism if and only if J,(f)
is derivation, where the target k is regarded as the A-module A /m,.

It remains to identify Der (A, k) with T, = (m,/m2)". To this end, we have a direct sum decom-
position A >~ k@ m, of A as a k-vector space (decomposing f € A as f(x) + (f — f(x))). A k-linear
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derivation 6 : A — k vanishes on k, and hence is determined by its restriction m, — k. Further, the
Leibniz rule

6(f8) = f(x)-8(g) +g(x)- (/)

shows that § vanishes on m2. We thus obtain a map m,/m? — k (i.e. an element of 7) which
uniquely determines §.

. Reduced schemes. Let X be a scheme. Show that the following conditions are equivalent:

(a) X is reduced, i.e. for every open U C X, the ring Ox (U) is reduced,

(b) for every affine open U C X, the ring Ox (U) is reduced,

(c) there exists an affine open cover X = [ JU, where Ox (Uy) is reduced for each a,
(d) for eachx € X, the stalk Oy , is reduced.

The implications (a)=-(b)=-(c) are obvious. To show (c)=-(d), let x € X and let & be such that
x € Uy. If py C O(Uq) is the corresponding prime ideal, we have

OX,x = OUa,x = O(U(x)p-

Now, a localization A[S~!] of a reduced ring is reduced: if (a/s)" = 0, we have ta" = 0 for some
t € S, and then (ta)" ="~ -ta" = 0, implying ta = 0, so a/s = 0. Thus Oy, is reduced. Finally,
to show (d)=-(a), note that we have an injection

Ox(U) — H OX,x

xeU

and a subring of the product of a family of reduced rings is reduced.
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9. Lecture 9 (Feb 19): More on schemes

Recommended reading: Hartshorne 11.2-3

9.1. Exactness of the Cech and Amitsur complexes

In Lecture 8, in the course of constructing the structure sheaf on an affine scheme Spec(A), we gave a
slightly tedious proof that that for f1,..., f- € A generating the unit ideal, the sequence

0—=A——[I Al — 1T} ;= ALf) )

is exact (see Lemma 8.2.1). The following result generalizes this in two ways: we replace A and its local-
izations by an A-module M and its localizations, and we extend the sequence to the right. Curiously, the
proof does not involve tedious calculations but rather general ideas surrounding the notion of a faithfully
flat morphism (introduced below).

Lemma 9.1.1. Let A be a ring, let fi,...,fr € AwithA=(fi,...,f;), and let M be an A-module. Then,
the following complex (called the augmented Cech complex of M) is exact

0——M HH;‘OM[J[,'EI] — [Ty M((fiofir) '] — -+
(Here M is put in degree —1 and the differential
d: ] Ml /)" T— I M- finfiy) ']

l'(),m,l'p i07~-~sip7ip+l
is given by the formula
p+1 .
d((mio‘.,ip))jo-..jpﬂ = Z(*l) mjomjA/«--ij
k=0

where ﬂ means that ji is omitted.)
Observations. We precede the proof with a sequence of observations.
(1) Foraring A and f,g € A, we have
Alf N @aalg™ ] ~Al(f) 7]
(universal properties give the most immediate proof of this.)

(2) Let B=][i-1 A fl.’l]. Then the p-th term in the augmented Cech complex of M can be written as

p+ 1 times

(all ® are ®4). The differentials in this complex are given by the formula

p
dby®---®b,m) = Z(—l)kbo®---® 1®---®@b,®@m (introduce 1® before by).
k=0

This motivates us to make the following definition: let A — B be a map of rings and let M be an
A-module. Then the augmented Amitsur complex of M is the complex

C:(B/AM) = [OHMHB@@MHB@B@MH

with M in degree —1 and differential given by the formula above. Thus the augmented Cech
complex is the augmented Amitsur complex for B =[]_, A[ fi_l].
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“)

®

The formation of the augmented Amitsur complex is compatible with extension of scalars in the
following way. Let A — B be a map of rings, let M be an A-module, and let A — A’ be a map of
rings. Let B = A’ ®,Band M' = A’ ®4 M. Then

C2(B/A,M) 2, A" ~C3(B' /A", M').

For the next observation we introduce the following definition. A map of rings A — B is faithfully
flat if B is flat over A and the map Spec(B) — Spec(A) is surjective. One verifies easily that

* a flat map A — B is faithfully flat if and only if for every A-module M, we have M =0 <
M®B=0;

* amap A — B is faithfully flat if and only if for every complex of A-modules C*, we have C*
is exact & C*®* ® B is exact.

Then the observation is that A — B = []/_, A] fi_l] is faithfully flat. Indeed, every localization is
flat, so A — B is flat, and it is faithfully flat since the map

r

Spec(B) = || Spec(Alf;']) = || D(fi) — Spec(4)
i=1 i=1

is surjective, as A = (fi,..., fr) is equivalent to Spec(A) = U_, D(fi).

Finally, let f: A — B be a map of rings admitting a section s: B — A, i.e. a ring homomorphism
satisfying so f = id4. We claim that for every A-module M, the augmented Amitsur complex
C:(B/A,M) is exact. To see this, we introduce the maps

h’: CP(B/A;M)=B®B®---@B@M — BOB®---@ B&M = C'~'(B/A; M),
—— N—

p+ 1 times p times

bo®-+ @b, @m=by® - @by_1 Qs(by)m.
We then verify easily that on C; (B/A; M) we have

dP~ WP + WP P =id,

i.e. that 4” define a nullhomotopy. This immediately implies exactness: if x € ker(d”), then the
above equality yields

x=d" P (x) + kP dP (x) = dP7'hP (x) € im(aP 7).

We are now ready to state and prove the following strengthening of Lemma 9.1.1.

Lemma 9.1.2. Let A — B be a faithfully flat map of rings and let M be an A-module. Then the augmented

Amitsur complex of M

C:(B/AM)=|0——M—BIM —BRBIM —---

is exact.

Proof. Since A — B is faithfully flat, it is enough to check that C; (B/A, M) ®4 B is exact. By Observation
(3), we have

C(BJA,M) @4 B ~ C(B®4 B/B,BosM).

The map B — B®,4 B admits a “tautological” (or “diagonal”) section s: B®4 B — B given by s(b®b’) =
bb'. Thus Observation (5) implies that C3 (B ®4 B/B,B®4 M) is exact. O
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Remarks 9.1.3. 1. The word “augmented” refers to starting the complex at -1. The non-augmented
version is
C*(B/JAM)=|BOM —~BQBOM — > --- ] ,

which is then a resolution of M.

2. Just as the exactness of the Cech complex in degrees — 1,0 allows us to construct the structure sheaf
Ox on X = Spec(A) by associating A[f~!] to D(f), the variant with an A-module M allows us to
construct a sheaf of Ox-modules M on Oy with M(D(f)) = M[f~']. Such sheaves of modules on
X are called quasi-coherent and will be discussed in greater detail soon.

3. The exactness of the entire Cech complex, not just its beginning, will be used later to show that for
a quasi-coherent sheaf 3 on an affine scheme X we have the vanishing of sheaf cohomology

HP(X,F)=0 for all p > 0.

4. The generality offered by Lemma 9.1.2 can be useful in many situations. Examples of faithfully
flat maps are given by surjective étale maps, which are used to build the étale topology. Another
(though related) example relates this complex to Galois cohomology:

Let L/K be a finite Galois field extension and let G = Gal(L/K) be its Galois group. Then the map
Lok L— [JL.  x0®x— (x00(x1))scc
oeG
is an isomorphism of L-algebras. More generally, we have isomorphisms

LRk LRk Qg L~ H L, X0®--Qxp, xo-O'l(xl)-(O'le)(xz)-...-(61...Gp)(xp).

e 01,...,0p€G

Thus the Amitsur complex for A = M = K and B = L can be written in the form

0 K L L¢ LO*C

which one can verify to be the (augmented) bar complex computing the group cohomology H*(G,L).
We deduce Hilbert’s Theorem 90:

K p=0,

HP(G,L) =
0 p>0.

9.2. Maps to affine schemes

We give a proof of the following result stated last time.

Proposition 9.2.1. Let X be an affine scheme and let Y be a locally ringed space. Then the map
(P — ¢* : HomLRS(Y,X) — HomRings(O(X), O(Y))
is bijective.

Proof. Let A = O(X) so that X = Spec(A). We first show injectivity. Let ¢,y: Y — X be maps of
locally ringed spaces such that ¢* = yx: A — O(Y). We first show that ¢(y) = y(y) for every y € Y.
Suppose otherwise: ¢(y) = x # x’ = y(y). Thus the prime ideals corresponding to x,x’ € X = Spec(A)
are distinct, and hence (up to swapping x and x’) there exists f € A such that f € p,\ py. Since Ox , = Ay,
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and Oy v = Ay, , this means that f(x) =0 and f(x’) # 0. Since ¢ and y are maps of locally ringed spaces,
the homomorphisms

0" Ap, =0x,— Oy, and y*:A,, =0x— Oy,

are local, and we conclude that ¢*(f)(y) = 0 and y*(f)(y) # 0, contradicting ¢*(f) = y*(f).
Next, we need to show that for every open U C X, the two maps

¢*, y*: Ox(U) — Oy(9~'(U)) = Oy (v ' (U))

are equal. It suffices to check this for a basic open U = D(f) for some f € A. In this case we have

o) =y '(U)=D(g). g=0"(N)=v"(/)

Both maps in question are the dotted arrow making the square below commute.

A=0x(X) — 0,(7)
Alf1=0x(D(¥)) > Oy(D(g))

and hence they are equal (by universal property of the localization A[f~]).

We turn to proving surjectivity. Let ¢*: A — O(Y) be a ring homomorphism for which we seek
to construct the corresponding map ¥ — Spec(A). We first construct the map of sets: for y € Y, let
¢ (y) € X = Spec(A) be the point corresponding to the prime ideal

b= ker (A 2 0p(Y) — Oy — x<y>) _{fed: 0 (f)(y) =0},

We verify easily that ¢ ~!(D(f)) = D(¢*(f)). We have shown previously that this is an open subset.
Since the D(f) form a base of the topology on Spec(A). this shows that ¢ is continuous.

In order to upgrade this to a map of locally ringed spaces, it suffices to construct compatible maps,
for every f € A,

¢*: A[f '] = 0x(D(f)) — Oy (¢~ 1(D(f)) = Oy (D($* f)).

We have shown earlier that ¢* f is a unit in Oy (D(¢* f)). Thus (again, universal property of localization)
there exists a unique A-algebra map above. We omit the easy verification that this gives a map of ringed
spaces.

Finally, for y € Y and x = ¢(y), the induced map on stalks is

Ap'\_ = OXJ — Oy’y

which is local by our definition of the prime ideal p,. Thus ¢ is a map of locally ringed spaces inducing
¢* on global sections of structure sheaves. 0

9.3. Properties of schemes and morphisms of schemes

Today, we just introduce the vocabulary.
Definition 9.3.1. Let X be a scheme.

(a) We denote by |X| the underlying topological space of X. We say that X is connected, quasi-
compact, or irreducible if |X| has this property.
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(b) We say that X is reduced if Ox (U) is reduced for every open U C X, and that X is integral if it is
reduced and irreducible (equivalently, if Ox (U) is a domain for every non-empty open U C X).

(c) We say that X is noetherian if it admits a finite open cover X = U; U --- U U, with U; ~ Spec(A;)
where the rings Ay, ...,A, are noetherian.

For a ring A, by a scheme over A we mean a scheme X endowed with a map X — Spec(A), or
equivalently (by Proposition 9.2.1) one for which Ox (U) is an A-algebra for every U C X (and such that
the restriction maps are homomorphisms of A-algebras).

Definition 9.3.2. Let f: Y — X be a morphism of schemes. We say that f is

(a) quasi-compact if for every quasi-compact open U C X, the preimage f~'(U) C Y is quasi-
compact;

(b) affine if for every affine open U C X, the preimage f~!(U) C Y is affine;
(c) an open immersion if it induces an isomorphism from Y onto an open subscheme of X;

(d) aclosed immersion if it induces a homeomorphism from Y onto a closed subset of X and the map
Ox — f:Oy is surjective;

(e) finite if it is affine and for every affine open U C X, the map Ox (U) — Oy (f~1(U)) is finite;

(f) locally of finite type if it is locally of the form Spec(B) — Spec(A) for a map of rings A — B such
that B is a finitely generated A-algebra (more precisely: for every y € Y there exist affine open
neighborhoods y € V and f(y) € U such that f(V) C U and the map f*: Ox(U) — Oy(V) is of
finite type);

(g) of finite type if it is locally of finite type and quasi-compact.

We issue the following warning. While an open immersion is uniquely determined by its image,
there may be multiple closed immersions ¥ — X whose image is the same closed subset Z C X. For
example, if X = Spec(A), then closed immersions ¥ — X are of the form Spec(A/I) — Spec(A), and the
corresponding closed subset is Z = V (I). Thus knowing Z we only know the radical v/I.

9.4. Fiber products of schemes

Proposition 9.4.1. Let f: X — Sand g: Y — S be maps of schemes.
(a) The fiber product X XY exists in the category of schemes.

(b) If X, Y, and S are affine then so is X XgY, more precisely we have

X x5Y ~ Spec (O(X) ®g(s) O(Y)).

(c) In general, if S = Uye; So is an affine open cover, and if f~1(Sg) = Up Xap g ' (Se) = Uy Yoy are
affine open covers, then X xsY has an affine open cover by

Xocﬁ XS, Y(xy = Spec (O(thﬁ> ®O(Sa) O(Yay)) .

(d) IfY = Spec(k(s)) for some s € S, then X xsY = f~!(s) as a topological space.
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Proof. We first show (b), which is a direct application of Proposition 9.2.1 and the fact that O(X) ®¢s)
O(Y) is the pushout of the two maps f*: O(S) — O(X) and g*: O(S) — O(Y) in the category of rings.
For any scheme Z we have

Hom(Z, Spec(O(X) ®O(S) O(Y))) = Hom(O(X) ®o(5) O(Y), O(Z))
=Hom(O(X),0(Z)) Xgom(o(s),0(z)) Hom(O(Y),0(Z))
=Hom(Z,X) Xgom(z,s) Hom(Z,Y).

Parts (c) and (a) are shown together using (b) in a slightly tedious fashion, see [Har77, Theorem II 3.3].
For (c), we may assume that § and X are affine, and then the result follows from the corresponding fact
about rings (proved in the commutative algebra course). O

The following lemma is related to the fact that affine schemes are “separated” (a notion we only
introduced for algebraic sets in Lecture 3).

Lemma 9.4.2. Let X be an affine scheme and let U,V C X be two affine open subsets. Then U NV is
affine.

Proof. Trivial observation: a map Z — X from a scheme Z factors through the inclusion of an open
subset U — X if and only if the image of Z in X is contained in U; such a factorization is unique if it
exists. From this, we see that U NV is isomorphic to the fiber product U xx V: a map Z — X factors
through U NV if and only if the image of Z in X is contained in both U and V. But then U xx V is affine
by Proposition 9.4.1(b). O

9.5. Schemes versus algebraic sets

We shall use the following result to go back and forth between schemes and algebraic sets.
Theorem 9.5.1. Let k be an algebraically closed field.

(a) Let X be a reduced scheme of finite type over k. Let X(k) be its set of closed points (which
coincides with Homy (Spec(k),X) by Nullstellensatz), endowed with the induced topology. For an
open U C X (k), there exists a unique open U' C X with U'NX (k) = U. The association

U— OU)=0x(U"
defines a sheaf of rings on X (k). The space with functions (X (k),0) is an algebraic set.
(b) This construction defines an equivalence of categories

{reduced schemes of finite type over k} == {algebraic sets over k}.
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10. Lecture 10 (Feb 24): Sheaves of modules

Our treatment of quasi-coherent and coherent sheaves largely follows Hartshorne I1.5, except that we
replace some of the hands-on computations in the proof with the slightly more conceptual arguments
using the exactness of the Cech complex proved in Lecture 9. (Our definition of the sheaves O(d) in P"
is also different, since we avoid discussing the link between coherent sheaves on P and graded modules
over the polynomial ring.)

Recommended reading: Kempf §5, Hartshorne I1.5

10.1. Sheaves of modules

Definition 10.1.1. Let O be a sheaf of (commutative, unital) rings on a topological space X. An O-
module is a sheaf of abelian groups M together with a map of sheaves

OxM—M

giving M(U) the structure of an O(U )-module for every open U C X. A morphism of O-modules is a
map of sheaves f: F — G such that F(U) — G(U) is a homomorphism of O(U)-modules for every open
UCX.

Remarks 10.1.2.  (a) Equivalent characterizations of the structure of an O-module on a sheaf of abelian
groups M:

* for every U C X, the structure of an O(U)-module on M(U) such that the restriction maps
M(U) — M(V) are maps of O(U)-modules; or
 a homomorphism of sheaves of rings O — Hom(M,M).

(b) Many sources call an O-module a “sheaf of O-modules,” though that is a bit redundant as there is
no other possible meaning of “O-module.”

(c) Familiar notions from commutative algebra have natural O-module analogs. Kernels, cokernels,
images work in the obvious way. Tensor product is identified as the sheafification of the obvi-
ous tensor product of presheaves U +— M(U) @) M'(U). Further examples: an ideal is an
O-submodule J C O, and an O-algebra is a map O — A of sheaves of rings, or equivalently an
O-module A equipped with a map A ®9 A — A satisfying suitable axioms. For a map of sheaves
of rings O — (', there is the usual adjunction between the forgetful functor Mody — Mod (right
adjoint) and the tensor product (—) ®¢ O’: Mody — Mod« (left adjoint).

(d) If it is understood from the context that we work with Ox-modules on a ringed space X, we write
Hom(&F,9) (resp. Hom(F, G)) for the set (resp. sheaf) of all Ox-module maps F — G.

(e) Let ¢: Y — X be a map of ringed spaces. If G is a Oy-module, then ¢, G is a ¢,Oy-module, and
hence can be regarded as a Ox-module thanks to the given map ¢*: Ox — @.Oy. There is also a
module pull-back functor I — ¢*J from Ox-modules to Oy-modules, defined as follows

T = Pan(F) @y, (0x) O

where ¢, denotes pull-back of sheaves abelian groups’ (see Lecture 7). In other words, introduc-
ing the sheaf of rings Oy x = 91, (Ox)), the functor is the composition of two functors

% (*)@o Oy

Modo, — ™~ Mody, , —

MOdOX .

It is easy to deduce from this presentation that ¢* is left adjoint to ¢,.

3Certain sources (e.g. Hartshorne) use the notation ¢ ~! () for our ¢, ().
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Examples 10.1.3. 1. If X is a C*-manifold and O is the sheaf of smooth real-valued functions on X,
the sheaf M of differential 1-forms on X has a natural structure of an O-module. This simply says
that we can multiply a differential form by a smooth function.

2. Let X = Spec(A) be an affine scheme and let M be an A-module. As we shall see directly below,
we can turn M into a Ox-module M whose value on a distinguished open D(f) C X is M[f~!].

Lemma 10.1.4 (compare Corollary 8.2.2). Let X be either an affine scheme or an affine algebraic set,
let A= O(X), and let M be an A-module. There exists a unique Ox-module M such that for every f € A
we have

M(D(f)) =M[f"]

(and such that for f,g € A, the restriction map M(D(f)) — M(D(fg)) coincides with the natural map
Alf1 — Al(fg)~'1). Moreover, for every x € X corresponding to a prime ideal p, C A, we have

M, ~M,..
Proof. Same as the proof of Corollary 8.2.2, only now we use Lemma 9.1.1 in place of Lemma 8.2.1. [

Remark 10.1.5. A shorter construction of the sheaf M (which works in more general settings). Consider
the one-point ringed space x4 = (*,A) with structure sheaf given by A. There is an obvious map p: X —
*4. On the other hand, A-modules are O-modules of x4, and for an A-module M, we have M = p*M.

The above lemma constructs a functor

(—) : MOdO(X) — MOdoX.
We shall study its properties in the next few lemmas.

Lemma 10.1.6 (Hartshorne II Proposition 5.2(d,e)). Let ¢: Y — X be a map of affine schemes or affine
algebraic sets, and let A= O(X) and B= O(Y).

(a) Let M be an A-module. Then f*(M) is naturally isomorphic to AZEGSA/ B. In other words, the
diagram of functors

~)@AB
Mod, 2% Mod,

.

MOdoX ? MOdOY
commutes.

(b) Let N be an A-module. Then f.(N) is naturally isomorphic to N for N treated as an A-module. In
other words, the diagram of functors

Mod, <% Modj

.

MOdoX <T MOdoY

commutes.

Proof. This is clear once you unwrap the definitions. 0
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Lemma 10.1.7 (Hartshorne II Proposition 5.2(a,b,c)). Let X = Spec(A). The functor M — M from A-
modules to Ox-modules is fully faithful, conservative, and exact, and commutes with tensor product and
arbitrary direct sums. For every Ox-module F we have

Homg, (M,F) = Homy (M, F(X)).

Proof. Since M(X) = M, the functor is faithful and conservative. Let f: M — N be a map, and let
f': M — N be the map induced by the map M — N obtained by applying global sections to f. At every
point x € X, the stalks of f and f’ agree, and hence f = f’, which shows fullness. A similar argument
involving stalks proves exactness. The assertions about @ and @ are clear from the definition of M. The
final assertion is easiest to see through the lens of Remark 10.1.5. O

10.2. Quasi-coherent sheaves

Definition 10.2.1. Let X be either a scheme or an algebraic set. A Ox-module J is quasi-coherent if
there exists an affine open cover X = |JUy such that F|y,, is of the form My, for some O(Ug)-module
M. If X is either a locally noetherian scheme or an algebraic set, we say that F is coherent if the same
condition holds with each M, a finitely generated O(Uy)-module.

Example 10.2.2 (A non-quasi-coherent Ox-module). Consider the open immersion
j:U=A"N{0} — Al =X,
The extension by zero j,Oy C Oy is defined as
(JOp)(V)={feOyUnV): fy=0forallxc V\U}
(see [Hartshorne Ex. II 1.19(b)]). In our case, this means that

(J10u)(V) = {O(V) e U

0 otherwise.
Then ji(Oy)(U) # 0, so ji(Oy) # 0. On the other hand, we have j,(Oy)(X) = 0. It follows that j,Oy
is not quasi-coherent (since it is nonzero but has no global sections). The quotient Ox /Oy is the
skyscraper at O with value Oy o, which is not quasi-coherent either. See also [Har77, Example II 5.2.3]
and [Mum99, §I11.1, Example A, p. 142].

Remark 10.2.3. Quasi-coherent and coherent sheaves have the following simple characterization, which
makes sense on any ringed space*. An Ox-module is quasi-coherent if and only if every x € X has an
open neighborhood U C X on which F admits a presentation of the form

U oy Flu 0

for some sets / and J. Moreover, J is coherent if and only if the same holds with I and J finite. It follows
that coherent sheaves are the smallest class of Oy-modules on opens U C X such that (a) being coherent
is a local condition, (b) Oy is coherent, (c) coherent sheaves are closed under direct sums and cokernels.

Lemma 10.2.4. Let X = Spec(A) be an affine scheme and let F be a quasi-coherent Ox-module. Then
the natural map

—~

FX)—9F

(the counit of the adjunction in Lemma 10.1.7) is an isomorphism. In particular, J is of the form M.

4However, the resulting notion will not always be so well-behaved in such generality.
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Proof. Note that since the functor M — M is fully faithful and the global sections functor is its right
adjoint (Lemma 10.1.7), an Ox-module is of the form M if and only if its counit map CT"/(\/X) — Fis an
isomorphism. For brevity, let us call such Ox-modules in the essential image (of the functor M — M).
By Lemma 10.1.7, being in the essential image is closed under kernels, cokernels, and finite direct sums.

By definition of a quasi-coherent Ox-module, there exists an affine open cover X = (Jyc;Uq such
that F|y, is of the form My for some O(Ugy)-module M. Since Spec(A) is quasi-compact, we may

assume that the index set [ is finite. By Lemma 10.1.6, if jy: Uy — X is the inclusion, the Ox-module
Fo = jaria(F) = jar(Flug) = jos(Mq)

is equal to M, where M, is treated as an A-module (via the forgetful functor Modyy,) — Mody), and
hence in the essential image. In particular the sheaf

Fo= @f}'a = @jtx,*jz(?)

ael ael

is in the essential image (as this condition is closed under finite direct sums). Since the intersections
Uq NUyp are affine (Lemma 9.4.2), we can apply the same reasoning to the sheaf

Ji= @ jaﬁ,*j:;ﬁ(?)a joc[j’:UamUﬁ —X.

a,fel
Now, by the sheaf condition for JF, the following sequence of Ox-modules is exact

d

0 F fTro 971,, d(S)aﬂ:Sa—Sﬂ.

and hence F = ker(d: Fy — F1) is in the essential image. O
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11. Lecture 11 (Feb 26): Quasi-coherent sheaves

Recommended reading: Kempf §5, Hartshorne I1.5

11.1. More on quasi-coherent sheaves

Lemma 11.1.1. Ler X = Spec(A) be an affine scheme and let

0 F F F" 0

be a short exact sequence of Ox-modules. If F' is quasi-coherent, then

is exact.

0—— F(X) F(X) F'(X) —0

Proof. As sequence is always left-exact, we have to show that the right map is surjective. Let s € F(X).
Since F — F” is surjective, there exists an open cover X = [Jyc;Uq such that s|y, lies in the image of
F(Uq) — F"(Uy) for every o € I. Since X is quasi-compact and distinguished affine opens form a base,
we may assume that the index set [ is finite and that Uy, = D(f,,) for some elements f, € A generating
the unit ideal. Refining the cover further, we may assume that in addition the restriction of F’ to each
Uy is of the form M, for some O(Uq)-module M. Now consider the commutative diagram of Cech

complexes:

0
0 F(X)
0 F(X)
0 F"(X)

HaeI?/(UtX) - Ha,ﬁe]ff/(U(x ﬂUB) 4>Ha71377,€13”(Ua ﬂUB mUY) EEEREERE

HaeI?(Ua) - Htx,ﬁel :T(le mUﬁ) - Ha,ﬁ,}/eI?(Ua mUﬁ ﬂU}’) — ..

H(XEI?”(UQ) HH(XJ%EI?H(U(XQU[;) I H(X7ﬁ7’y€1?l/(UamUﬁ ﬁUy) —_— ...

We make the following observations:

* The diagram commutes (since the formation of the Cech complex is functorial).

* The columns are exact (by left-exactness of taking sections), i.e. exact after forgetting the bottom

ZE10.

* All three rows are exact until the third column (the one with [, ger)- This is the sheaf condition.

» By Lemma 10.2.4 we know that F is of the form M for some A-module M, and hence the top row
(the one with ) is exact, by Lemma 9.1.1 proved earlier.

To finish the argument, we perform a tedious diagram chase which is best explained on the blackboard
or done by oneself. We shall use the symbol d for the horizontal (Cech) differentials. By assumption, the
image (s|u, ) € [1aer I’ (Uq) of s € F7(X) is the image of an element (t¢) € [1qe; F(Ua). If d(1q) =0 €
[Teper F(Ua NUp), then by exactness of the middle row it comes from a unique # € F(X), which then
maps to s € F’(X) and we are done. In general, the image

d(ta) = (ta’UaﬂUB _tﬁ|UaﬂUﬁ) € H F(Uq ﬂUﬁ)
o,Bel
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maps via the vertical map to

d(sa) = (slvgrus — slvanvg) =0 € [ F'(UanUp),
a,fel

and hence by exactness of the third column it is the image of an element (uqg) € [T pes I (Ua NUp).
Again, the image of d(ugg) in [1g g yer F(Ua NUgNUy) is d(d(ty)) = 0. By the injectivity of the vertical
maps from the 1st to the 2nd row, we deduce that d(uqpg) = 0. By exactness of the 1st row (here we use
the additional assumption F’ = M) we obtain a (u¢) € [Tge; I’ (Uy) such that

(Ma\UamUﬁ - uﬁ|UaﬂUﬁ) =d(ua) = (uap)-

Now set

th, =to —Ug-

As ug maps to zero in I’ (Uy), the image of (¢},) in [Toe; F” (Ugy) equals (sq). We check that
d(ty) = d(ta) —d(ua) = d(ta) — (ugp) =0,
and again we deduce the existence of a unique ¢ € F(X) whose image in F”(X) equals s. O

Corollary 11.1.2. Let X be a scheme or an algebraic set and let

0 F F F 0
be a short exact sequence of Ox-modules. If ¥ and F" are quasi-coherent, then so is F.

Proof. The assertion is local so we may assume that X is affine. By Lemma 11.1.1, the sequence of
O(X)-modules
0 F(X) F(X) F'(X)——=0

is exact. Consider the commutative diagram

—_—~—— -~~~

0— = F(X) F(X) F1(X) —=0
I
0 F F 5 0

in which the vertical arrows are the counit maps (see Lemma 10.2.4). The top row is exact by exactness
of the functor (—). Since ¥’ and F” are quasi-coherent, the left and right maps are isomorphisms. The
five lemma implies that so is the middle one, so that J is quasi-coherent. O

Functorial properties of quasi-coherent sheaves:
Lemma 11.1.3. Let f: Y — X be a map of schemes or algebraic sets.
(a) For every quasi-coherent Ox-module F, the pull-back f*F is quasi-coherent.
(b) The same holds for coherent sheaves if X and Y are algebraic sets or locally noetherian schemes.

5

(c) Suppose that X and Y are noetherian schemes> or algebraic sets. Then for every quasi-coherent

Oy-module G, the push-forward f.G is a quasi-coherent Ox-module.

SMore generally the proof shows the claim if f is quasi-compact and quasi-separated [SP Section 01KH].
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Proof. Assertions (a) and (b) are local on Y, and hence are easily reduced to the case X and Y affine, in
which situation we might apply Lemma 10.1.6(a). For (c), this is local on X, and we may assume that X is
affine. If Y is also affine, we win by Lemma 10.1.6(b). In general, since Y is quasi-compact, we can cover
it by finitely many affines Uy, (0x = 1,...,n). Since Y is a noetherian topological space, the intersections
Up NUg are quasi-compact, so we can cover them by finitely many affines Uygy (Y = 1,...,m(a, B)).
Let jo: Ug — X and jupgy: Ugpy — X be the inclusions. We can now express J as the kernel

0—=F —= @qjarieT — Bapyiapriys,T:

(technically these are more canonically the products not direct sums, but since the index sets are finite, it
does not matter). Since f; is left-exact and commutes with direct sums, we obtain a description of f,J
as the kernel

0 L3 [+ @ajasioaT

S @a.ﬁ,yjaﬁ%*jztﬁ)’?

@a(foja)*(ﬂUa) - @aﬁy(fojaﬁy)*(?’%ﬁy)'

Since each fo jg and f o jgp, is @ map between affines, every summand above is quasi-coherent, and
hence so is F. O

11.2. Fibers of coherent sheaves

Definition 11.2.1. Let X be a scheme or an algebraic set and let I be an Ox-module. The fiber of J at
apointx € X is
F(x) € Fx oy, K(%),

a vector space over the residue field k(x).

As a corollary of Nakayama’s lemma, we have:

Lemma 11.2.2. Let X be a locally noetherian scheme or an algebraic set and let F be a coherent Ox-
module. Then:

(a) dim(y) F(x) < oo forall x € X;

(b) a map of quasi-coherent sheaves F' — F is surjective if and only if the maps F'(x) — F(x) are
surjective for all x € X;

(c) F=0ifand only if F(x) =0 forall x € X.
Moreover, in the case of a scheme, it is enough to consider only closed points in (b) and (c).

Proof. Letx € X and let M = J, which is a finitely generated module over the local ring Ox , and then
F(x) = M ® x(x) is of finite dimension, showing (a). By Nakayama’s lemma, a map of Ox ,-modules
N — M is surjective if and only if N ® k' (x) — M ® k(x) is surjective. Since a map of sheaves is surjective
if and only if it is surjective on stalks, this shows (b), and (c) follows as a special case ' = 0. As for the
“moreover” part, we may assume that X is affine and that F = M for a finitely generated module M over
A = 0O(X). The set supp(M) of all primes p C A such that M, # 0 is a closed subset of Spec(A) (as it is
equal to V(Ann(A)) where Ann(A) = {a € A : aM = 0}). This shows the stronger form of (c), and the
stronger form of (a) follows similarly if we consider the cokernel of ¥ — & in place of F. O

61



11.3. Affine and finite morphisms

Recall from Lecture 9 that a morphism of schemes or algebraic sets ¢ : ¥ — X is affine if for every affine
U C X, the preimage ¢ ' (U) C Y is affine. It is finite if moreover O(¢ ' (U)) is a finite O(U)-module
for every affine U C X.

Proposition 11.3.1. (a) Let X be a scheme. For every affine morphism ¢: Y — X, the push-forward
0.0y is a quasi-coherent Ox-algebra. The construction (¢:Y — X) — ¢,y defines an equiva-
lence of categories

{affine morphisms Y — X }°? == {quasi-coherent Ox-algebras}.

(b) If X is locally noetherian, the same construction gives an equivalence

{finite morphisms Y — X }°® == {coherent Ox-algebras}.

(c) A morphism ¢: Y — X is affine (resp. finite) if and only if there exists an affine open cover X =
UUyq such that the preimages ¢~ (Uy) are affine (resp. and cO(¢p~'(Uy)) is finite over O(Uy))
for every Q.

(d) In particular, if X is affine, then Y — X is affine (resp. finite) if and only if Y is affine (resp. and
O(Y) is finite over O(X)).

The inverse functor is called the relative spectrum A — Specy (A).

Remark 11.3.2. Let X be an algebraic set. Then similarly we have equivalences as above,
{affine morphisms ¥ — X }°® =% {reduced quasi-coherent Ox-algebras of finite type}.

and
{finite morphisms ¥ — X }°® -~ {reduced coherent Ox-algebras}.

Example 11.3.3 (Normalization). Let X be an integral scheme or an irreducible algebraic set, let K =
k(X) be its function field, and let L/K be a finite extension of fields. Consider the Ox-algebra A defined
on non-empty affine opens U C X by

A(U) = integral closure of O(U) in L.

Then A is a quasi-coherent algebra, and the corresponding affine morphism ¥ — X is called the normal-
ization of X in L. By “finiteness of integral closure,” if X is an irreducible algebraic set, a scheme of
finite type over a field, or a locally noetherian scheme and L/K is separable, then the morphism ¥ — X
is finite. We shall primarily use this construction in two cases: L = K (in which case we call Y the
normalization of X), or when X is a smooth curve.

Example 11.3.4. Let 7: A""!\ {0} — P" be the projection map. The preimage of the standard affine
open U; = D(x;) ~ A" is the open subset D(x;) C A""!. Thus 7 is affine. The corresponding coherent
Opr-algebra is the direct sum @ .7 O(d) (see the next lecture).
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12. Lecture 12 (Mar 10): Ideal sheaves and locally free sheaves
Recommended reading: Kempf §5, Hartshorne I1.5

12.1. Closed immersions and sheaves of ideals

A quasi-coherent ideal is a quasi-coherent Ox-submodule J of Ox. The quotient Ox /J is then a quasi-
coherent Ox-algebra. If X is a locally noetherian scheme or an algebraic set, then every quasi-coherent
ideal of Oy is coherent.

Lemma 12.1.1. Leti: Y — X be a closed immersion. Then the kernel Jy of the surjection Ox — i.Oy
is a quasi-coherent ideal. Moreover, i is a finite morphism. Conversely, for every quasi-coherent ideal J
there exists a unique closed immersioni: Y — X for which i,Oy = Ox /J.

Proof. The sheaf i,Oy is quasi-coherent by Lemma 11.1.3, and hence J is quasi-coherent, being the
kernel of a map between quasi-coherent sheaves. Knowing J, we can reconstruct Y as the support of
Ox/J (a closed subset of X) together with the restriction Oy of the sheaf Ox/J. On an affine open
U = Spec(A) C X, we have i~ (U) ~ Spec(A/I) where I = J(U). In particular, i is an affine (and hence
finite) morphism. 0

Corollary 12.1.2. If X = Spec(A), then every closed subscheme of X is of the form Spec(A/I) for a
unique ideal I C A.

12.2. Locally free sheaves (a.k.a. vector bundles)

A locally free Ox-module is an algebraic analog of a vector bundle over X.

Definition 12.2.1. Let X be a ringed space. An O-module € is locally free® if it is locally isomorphic to
O% for some integer n > 0. More precisely, if there exists an open cover X = |JUy, integers ng > 0, and
isomorphisms €|y, ~ 0p,,- If all ng are equal to a single integer n, we say that € has rank n.

Lemma 12.2.2. Let X be a locally noetherian scheme or an algebraic set and let € be a coherent sheaf
on X. The following conditions are equivalent:

(a) € is locally free;
(b) forevery x € X, the stalk &, is a free Ox c-module;
(c) for every affine open U C X, E(U) is a projective O(U )-module.
If X is reduced (or an algebraic set), these are further equivalent to
(d) The function
P (x) = dimy(y) E(x)
is locally constant.

Example 12.2.3. The most natural example of a locally free sheaf is the sheaf of algebraic differential
forms Q,l( on a smooth variety X (see Lecture 17).

Remark 12.2.4. Tensor operations from (multi)linear algebra (duals, tensor product, symmetric and
exterior powers) all apply to locally free sheaves without change.

Remark 12.2.5. The algebra of polynomial functions on a vector space V is the symmetric algebra
Sym(V"Y). We can therefore turn V into a scheme Spec(Sym(V")). Using this recipe, we can turn
a locally free sheaf € into an honest vector bundle £ — X, a map whose fiber at x € X is naturally
isomorphic to the k(x)-vector space E(x), as follows:

E = Specy (Sym(&Y)).

This terminology may be non-standard, as we require our locally free sheaves to have locally finite rank.
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12.3. Invertible sheaves (a.k.a. line bundles)

Invertible sheaves are locally free sheaves of rank one, and therefore correspond (and are often called)
line bundles.

Definition 12.3.1. An invertible sheaf is a locally free sheaf of rank one, i.e. an Ox-module £ locally
isomorphic to Oy.

The terminology “invertible” comes from the fact that invertible sheaves are invertible elements of the
monoid of (isomorphism classes of) Ox-modules under the tensor product. Namely, if £ is an invertible
sheaf, then so is £Y = Hom(L,Oy), and the “evaluation map” £ ® LY — Oy is an isomorphism.

If £ and M are invertible sheaves, then so is their tensor product £ ® M. Thus, the isomorphism
classes of invertible sheaves on X form an abelian group (with neutral element Ox and tensor product
as the group operation) called the Picard group of X and denoted by Pic(X). Thinking in terms of this
group, it is reasonable to introduce the following notation: for an invertible sheaf £ and an integer n € Z,
weset L' =L ®---®L (n factors) if n > 1, L% = Oy, and L" = (LY) 7" if n < 0. We shall sometimes
use the notation £*" for £", to avoid confusing it with the direct sum L% = L --- D L.

Remark 12.3.2 (Invertible sheaves via cocycles). Invertible sheaves are conveniently described in terms
of Cech cocycles valued in the sheaf O + of nowhere vanishing functions. Namely, if £ is an invertible
sheaf, we can find an open cover X = |JUy and isomorphisms ¢ : Oy, == L|y,. Then on Uy N Ug, the
composition ¢,B_ Yoo gives an O-module isomorphism Ov,nus = Ou,nug, which is the multiplication by a
nonvanishing function g, € O (Uq NUpg). The tuple of functions {g,p} satisfies the cocycle condition

8ap8py = 8oy

on Uy NUg NUy. Such a tuple is called a Cech cocycle valued in the sheaf ©*. Conversely, given an open
cover X = JUg and a Cech cocycle {gap}» we can construct an invertible sheaf £ by gluing together the
sheaves Oy, along the isomorphism g, on the overlaps Uy NUg. If £ and M are two invertible sheaves,
given by cocycles {gqp5} and {hqB} subordinate to the same open cover X = [JUy, then the invertible
sheaves £" and £ ® M are given by the cocycles

{gggﬁ} and {gaﬁhaﬁ }

respectively. (Once we learn about cohomology, a more detailed analysis of this will show that Pic(X) is
naturally isomorphic to the cohomology group H'(X,0 <))

Example 12.3.3 (The sheaves O(d) on P*). Let : A"\ {0} — P" be the projection map and let d be
an integer. For an open subset V C A"*! which is invariant under the action of k* by scaling, we say
that a function f € O(V) is homogeneous of degree d if f(Axo,...,Ax,) = A4 f(xo,...,x,) holds for all
A € k* and all (xg,...,x,) € V. For an open subset U C P", we set

O(d)(U) ={f € O(x~'(V)) : f is homogeneous of degree d}.

This is a sheaf, by construction a subsheaf of 7, 0.

Let us compute O(d)(Dp(f)) for a distinguished affine open Dp(f) C P", with f € k[xo,...,x,]
homogeneous of degree e > 0. We have 7~ (Dp(f)) = D(f), the distinguished affine open in A”*!, and
hence

O(x~ ' (Dp(f))) = klxo,- .., xa] [f ']

This is naturally a graded ring, with homogeneous elements of degree d of the form A/ f™ where h €
k[xo, . ..,x,] is homogeneous of degree d + me.
In the special case f = xg, we have

O(d)(D(x0)) = k[x0, - -, Xn) [Xg 10 = x8K[x1 /%0, - -+, /%0),
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a free O(D(xp))-module of rank one.
We deduce from these computations that 7,0 = @ ;.7 O(d) and that each O(d) is an invertible sheaf.
We shall study them in greater detail in Lecture 13.
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13. Lecture 13 (Mar 12): Invertible sheaves on affine and projective spaces

Recommended reading: Vakil 15.1

13.1. Preview: the Riemann hypothesis for curves over finite fields

We start with a discussion (unrelated to where we are in the course) of point counting problems over
fields.
Basic facts about finite fields:

* for every prime p and every e > 1 there exists a (unique up to isomorphism) field I, with g = p*
elements;

* finite extensions of I, are of the form F;» for some n > 1 (it is the splitting field of the separable
polynomial x¢" — x).

Let k = I, be a finite field with ¢ = p® elements, let k be a fixed algebraic closure of k, and let X be
a projective variety over k. Since we have not discussed varieties over non-algebraically closed field, let
us simply say that we have a projective variety X over k which is the zero set in P of a homogeneous
ideal I C k[xo,...,x,] which is generated by elements of k[xo,...,x,] (in simple words, X is defined in
IP7 by a system of homogeneous equations with coefficients in the finite field k). By X (k) we denote the
set of points of X with coordinates in k (called the set of k-rational points of X). It is a finite set, and we
denote its cardinality by #X (k).

We will be interested in the case when X is a smooth curve. Its genus g = g(X) is a non-negative
integer which will be defined later (as the dimension of the space I'(X, Q1) of differentials on X), for now
it is enough to know that if X is a plane curve, cut out of P? by a homogeneous polynomial f(xo,x;,x2)
of degree d, then

o(X) = (d 1)2(d 2) .
Thus, the genus of a line, conic, cubic, quartic is 0, 0, 1, 3. (Since there exist curves of every genus g > 0,
as we shall see later, it follows from the asymptotics of the above formula that most curves do not embed
into IP2.) We are interested in the size of X (k). As a first approximation, it makes sense to compare it to
the size of P! (k), which equals g+ 1.

Theorem 13.1.1 (“Riemann hypothesis”, Hasse, Schmidt, Weil). Suppose that X is a smooth and pro-
Jjective connected curve defined over I, and let g be its genus. We have

#X (k) —q—1] <2g,/q.

It is called the Riemann hypothesis for the following reason. For any variety X over k = [, one can
organize the numbers #X (F ) for varying n > 1 into the Hasse—Weil zeta function

x(s) = exp (21 #X““q> .

One can then show (by a theorem of Dwork, later reproved by Grothendieck) that {x(s) is always a
rational function of ¢~°. Theorem 13.1.1 can then be seen to be equivalent to the statement that for X
a smooth projective curve all zeros of {x(s) lie on the line Re(s) = 1. Deligne has later generalized

Theorem 13.1.1 to higher dimensional varieties.

Exercise 13.1.2. Compute Cpn(s).
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We want to develop enough theory this term to prove Theorem 13.1.1. Let us give a quick preview
how this will go. Notice first that k = A! (k) is the solution set of the equation x? = x in k, or equivalently
the fixed-point set of the map F: A! — A! defined by F(x) = x9. Note that x — x = [Taer, (x—2), so
there are no multiple roots, i.e. the fixed points all have multiplicity one. We can generalize this to our
curve X C PV by noting that the map

F:PY¥ PV, F(xg:-:xy)= (g :xd)
maps X to X. Denoting the resulting map also by F': X — X, we have
X(F,) =Fix(F), X(Fg) = Fix(F").

The cardinalities of these sets can be realized geometrically as intersection numbers on the surface X x X:
we have
#FlX(Fn) = (Ax.FFn),

the intersection multiplicity of two curves: the diagonal Ay C X X X and the graph I'g» of F". Alge-
braic geometry allows you to control these numbers by means of intersection theory, which is based on
properties of invertible sheaves on curves.

13.2. Invertible sheaves on A! and P!

By a locally free sheaf we shall mean a locally free coherent sheaf, i.e. an Ox-module which is locally
isomorphic to O% for some integer n > 0. As before, we shall use the terms “locally free (coherent)
sheaf” and “vector bundle” interchangeably. Similarly, an invertible sheaf will often be called a “line
bundle.”

Lemma 13.2.1 (Vector bundles on A!). Every locally free sheaf on A is free (isomorphic to O1 for
some r > 0). In particular, Pic(A') = 0.

Proof. Let € be a locally free sheaf on A!. Since A! = Spec(k[T)) is affine, we have & ~ M for some
finitely generated k[T]-module M. By the structure theorem for f.g. modules over PIDs we can write

m

M=KT)*" o@KT)/(f),  fi,....fr€K[T],  deg(fi) > 0.

i=1

We claim that m = 0 (so that M, and hence also &, is free). Otherwise let x € k be a zero of f; and
let m = (T — x) be the corresponding maximal ideal. Then €, ~ My,, which is not a free module over
Oat x = k[T since it has torsion. O

Construction. Let now X = P! which we write as
X =UyuUUj, Uo = D(x0) = Spec(k[y1]), U, = D(x;) = Spec(k[yo])-

We have
Uo1 := Uo N Uy = Spec(k[yo,y1]/(voy1 — 1)),

which is a Laurent polynomial ring in either yg or y;. In particular,
OX<U01) =k Xy% =k Xy%.

For go1 = Ayd € O*(Up1) we define an invertible sheaf £(gg1) on P! by gluing together the trivial
invertible sheaves Oy, on U;, i = 0,1 along the isomorphism

801
OU0|U01 = OUOI 7 OUOI = OUI ‘Um'
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Lemma 13.2.2 (Line bundles on P').
(a) Every invertible sheaf on P' is of the form L(go1) for some go1 € O* (Upy).
(b) We have L(go1) ® £(g0) ~ £(g01801)-
(c) We have L(go1) ~ Op if and only if go1 € k*.

Definition 13.2.3. For d € Z we define Op:1(d) = L(y2).

Corollary 13.2.4. We have Pic(P') ~ Z, generated by the class of Opi (1).

Proof of Lemma 13.2.2. (a) Follows from Lemma 13.2.1. (b) Obvious once you unpack it and recall that
the canonical isomorphism O ®y O — O is given by f ® g — fg. To prove (c), let us compute

Hom(Op1,£(g01)) = T(P', £(go1))-
A section f € T'(P', £(go;) corresponds to a pair of sections
fi € T(Ui, £(go1)|u;) =T (Ui, Ov,) = k[y1—i],  i=0,1

which agree on the overlap Uy;, which translates into the condition

J1 = goifo-

Such a section f corresponds to an isomorphism Opi — £(go1) if and only if f; € O*(U;) fori =0, 1.

We can now show (<=): if go; = A € k™ is a nonzero constant, we can simply take (fo, f1) = (1,4).
To show (=), we can now assume gg; = yg (this reduction is inessential for the calculation). We then
have

L(P',0(d)) = {fo €kl : ¥6./o(35") € kyol}-
But for a polynomial f € k[y], we have that y? f(y~!) is also a polynomial if and only if deg(f) < d. So

L(P',0(d)) = k[yi]<a

is the space of polynomials of degree < d, which can be identified more intrinsically/symmetrically with
the space k[xp,x1]4 of homogeneous polynomials of degree d. In particular,

dimI'(P!,0(d)) = dimk[xo, x| ]; = max{0,d + 1}.

Since I'(IP',©) has dimension one, we conclude that O(d) is not isomorphic to O for d # 0, showing
(=). O

Remark 13.2.5 (Vector bundles on P'). Given that Lemma 13.2.1 describes not only invertible sheaves
but all locally free sheaves, one is led to ask what are the locally free sheaves on P!. The answer is
given by the following theorem of Birkhoff and independently Grothendieck: every locally free sheaf on
P! is isomorphic to the direct sum of O(d;) for some integers dj,...,d, € Z. If we follow our strategy
of proof of Lemma 13.2.2, we will see that this theorem is equivalent to the following elementary (but
still non-obvious) statement: given a matrix Goy € GL,(k[y,y™!]), there exist integers di,...,d, and two
matrices Fy € GL,(k[y]), Fi € GL,(k[y~']) such that

FoGo1F1 = diag(yd' g ,yd").
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13.3. Invertible sheaves on A" and P"

We now redo everything we did in the previous subsection for A" and P". This is a bit more tricky but
the results are essentially the same.

Lemma 13.3.1 (Line bundles on A"). We have Pic(A") = 0.

Proof (sketch). The proof relies on the following (not so difficult) fact from commutative algebra: Every
invertible (nonzero and locally principal) in a unique factorization domain is principal. We can apply
it since A := O(A") = k[xj,...,x,] is a UFD. Let £ be an invertible sheaf on A" and write it as L for
an A-module L. Let x € L be a nonzero element, corresponding to a map A — L. We dualize it (apply
Hom(—,A)) to get a map LY — A which is injective (as this can be checked locally, whereupon L = A
and the map is multiplication by a nonzero x € A). The image I C A of this map is then a nonzero locally
principal ideal (again, check locally), and hence principal. Thus LY ~ I is free and hence so is L. O

Remark 13.3.2 (Vector bundles on A”). Given that Lemma 13.2.1 describes not only invertible sheaves
but all locally free sheaves, one is led to ask what are the locally free sheaves on A”. The answer is given
by the following theorem of Quillen and Suslin (answering a long-standing conjecture of Serre): every
locally free sheaf on A" is free. Equivalently, every finitely generated module over the polynomial ring
is free.

Construction. Let now X = P", which we write as
x=u, Ui = D(x;) = Spec(k[yo/i- - »ynsil/ Gisi — 1))

using Vakil’s handy notation y;; for the regular function x;/x; on U;. For a non-empty subset I C
{0,...,n} we write

kly;/i (for j €1{0,...,n},i€1)]
U’:ﬂU":SpeC<(..—1(for'ez) v —y i (for j € {0, .} "’61))>'
el Yifi l y Vi dit)i —Yj/i J IRERRLLS SN IY

This is isomorphic (after permuting the variables so that I = {0,... # — 1}) to G =1 x A"H1=# we
have
O™ (Ur) =k* <[ [viw-
i<’
In order to describe an invertible sheaf £ on P”, it suffices to describe its restrictions £; = £|y, and
isomorphisms ¢;;: L,-|Uij — L j’Uij (with ¢;; = id) which are “transitive” i.e. which satisfy the cocycle
condition
¢ijo 9o gki=id on L|y,,
(this condition did not appear for P! since we had only two open sets and no interesting triple overlaps).
Now thanks to 13.3.1 we have £; ~ Oy, (this isomorphism is canonical up to Aut(Oy,) = O™ (U;) = k™).
After making such an identification, the maps ¢;; are given by multiplication by some g;; € O (U;;) =
k™ x ygj, satisfying g;; = 1 and g;;gxgw = 1 on U;j;. If we change each identification £; ~ Oy, by an
fi € 0X(U), the g;; are replaced with g;; - (fi/f;).
Remark 13.3.3. The above considerations show that for every scheme or algebraic set X and an open

cover X = [JU; such that Pic(U;) = 0, the Picard group Pic(X) its the cohomology of the two-term
sequence

(gij) = (8ij8jk8ki)

m m
[1;0*(U;) —TI1;; O (Uij) —ITijx O (Uijx)
w w

= /)
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This sequence is part of the Cech complex for the sheaf O* and the open cover {U;}. Once we discuss
cohomology, we shall relate this to the identification

Pic(X) ~ H'(X,0%)
with the first cohomology group of O*, valid with no assumptions on Pic(U;).
We now finish our construction.

Definition 13.3.4. Let d € Z. We define the invertible sheaf O(d) on P" using the functions (g;;) €
O0*(U;;) given by
e —d o d
8ij = (x,/xj) _yi/j —yj/,'-
It is clear that the cocycle condition is satisfied.

Lemma 13.3.5. Letn > 1.

(a) Every invertible sheaf on P" is of the form Opn(d) for a unique d € Z.
(b) We have O(d)®@0(d") ~ O(d+d").

(c) We have
['(P",0(d)) ~ k[xo, - -, Xn]a

n—l—d).

which is a k-vector space of dimension ( d

Proof. (b) is clear, and (c) is a direct calculation which we omit. From (c) it follows that dimI'(P", O(d))
equals 1 only for d # 0, showing uniqueness in (a). The remainder of (a) will be shown later, once we
discuss the relationship between invertible sheaves and divisors. O

Remark 13.3.6 (Vector bundles on P"). Given that Remark 13.2.5 describes all locally free sheaves on
P! and Lemma 13.3.5 says that all invertible sheaves are of the form O(d), one may wonder what one can
say about higher rank locally free sheaves on P for n > 1. The answer, in brief, is that vector bundles on
P" of rank r are hard to describe as soon as n > 1 or r > 1. In particular, not every locally free sheaf on
P" is split, i.e. of the form O(d;) @ --- @ O(d,) for some integers di,...,d,. For example, the cotangent
bundle (sheaf of Kihler differentials) Qﬁm is of rank 7 and is not split if n > 1 (this is very easy to prove
using coherent cohomology, a topic we shall treat next). In fact, already rank two vector bundles on [P
can vary in families, by which we mean: there exists a positive-dimensional variety S and a rank two
locally free sheaf & on P2 x S such that for every two distinct points sg,s; € S the restrictions of & to
{5;} x P2 (i =0, 1) are not isomorphic as locally free sheaves on P2. In contrast, an important and widely
open conjecture of Hartshorne states that rank two vector bundles on [P"* are split as long as n > 5. It is
rather embarrassing that we lack an answer to such a simple looking question.
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14. Lecture 14 (Mar 17): Divisors

Recommended reading: Hartshorne I1.6, Kempf 5.5.

14.1. Overview

Let X be an algebraic set (over our algebraically closed field k). We shall work under the following
simplifying assumptions:

X is a smooth variety (separated and irreducible).

(See Remark 14.3.7 below for a brief discussion what needs to be changed if we relax these conditions.)
The assumption implies that the local rings Ox , (or more generally the stalks Ox 7 for irreducible Z C X)
are regular. Since regular rings are UFDs (as already mentioned in Lecture 6, §6.2), they are integrally
closed, and hence for every non-empty affine U C X, the algebra O(U) is an integrally closed domain.
For a big portion of the remainder of the course we shall be interested in the special case X being a
smooth and projective curve, in which case the local rings are Oy , are discrete valuation rings, and the
algebras O(U) for U C X non-empty affine are Dedekind domains.

A prime divisor on X is a codimension one irreducible closed subset D C X (if X is a curve, this
means D is simply a point of X). The local ring (see Lecture 5, Definition 5.5.1) Oy p is then a discrete
valuation ring (since it is one-dimensional and normal) with fraction field k(X). We denote by

Vp: k(X) — ZU{+oo}

the associated valuation (i.e. vp(f) is the “order of vanishing” — or pole, if negative — of f along D).
A divisor on X is a formal combination

-

D= a;D;, a, €7

1

of prime divisors D;. To a rational function f € k(X) one can associate a divisor

div(f) =Y vo(f)-D (14.1.1)

D

the sum taken over all prime divisors D C X (Proposition 14.2.2(a) below ensures that this sum is finite).
Such divisors are called principal. The main goal of the lecture is to describe the Picard group of
isomorphism classes of invertible sheaves Pic(X) in terms of divisors.

Theorem 14.1.1. There is a natural exact sequence
1 ——= 0X)* —=k(X)* 2> Div(X) —=> Pic(X) — 1. (14.1.2)

Proof outline. The proof will occupy the next two subsections. Injectivity on the left is obvious, the
map div is well-defined thanks to Proposition 14.2.2(a), and exactness at k(X)* is proved in Proposi-
tion 14.2.2(c). The map 7 is defined in §14.3, and exactness at Div(X) is proved in Proposition 14.3.5.
Finally, surjectivity of 7 is shown in Proposition 14.3.6. O

In simple terms, Theorem 14.1.1 states that

line bundles = divisors

principal divisors

Two divisors D, D’ are linearly equivalent (denoted D ~ D’) if D — D' is principal. Thus line bundles
are linear equivalence classes of divisors.
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14.2. Divisors associated to rational functions
We introduce some basic terminology:
Definition 14.2.1. Let D =Y a;D; € Div(X) be a divisor on X.
(a) We say that D is effective if a; > O for all i.
(b) If E € Div(X) is another divisor, we write D > E if D — E is effective.

(c) For an open U C X, we write D|y for the sum Y a;(D; NU) where we omit the indices i for which
D;NU =0.

Proposition 14.2.2. Let f € k(X)* be a nonzero rational function.
(a) There are only finitely many prime divisors D C X such that vp(f) # 0.

(b) The function f is regular (meaning that f € O(X)) if and only if vp(f) > 0 for all prime divisors
D.

(¢) The function f is invertible on X if and only if vp(f) = 0 for all prime divisors D.

The first assertion means that the divisor div(f) in (14.1.1) is well defined, and since vp(fg) =
vp(f)+ vp(g) we have a homomorphism

div: k(X)* —Div(X),  div(f)= Y = vp(f)-D.
D C X prime
Part (b) means that regular functions are those which map to effective divisors, and part (c) that invertible
functions comprise the kernel. In particular, we have an exact sequence (the left part of (14.1.2))
1 ——= 0X)* —k(X)* —2> Div(X).

Proof of Proposition 14.2.2. To prove (a) we may assume that X is affine and that f € A = O(X) is a
regular function (why?). In this case prime divisors D C X correspond to height one prime ideals p C A.
We have vp(f) > 0 forall f € A, and vp(f) > 0 if and only if the image of f in Ox p = A, belongs to
the maximal ideal mp = p - Ay, which happens precisely when f € p. Since dim(A/f) = dim(A) — 1, the
height one primes p C A correspond to minimal primes of A/ f, of which there are finitely many since
A/ f is noetherian.

To prove (b) we again reduce to the case X affine and let A = O(X). Using the above reasoning, the
first claim is equivalent to the commutative algebra statement: A is equal to the intersection, inside its
field of fractions, of its localizations Ay at all height one prime ideals. The proof of this result, given in
the appendix to this lecture (see Proposition 14.4.3), relies on A being integrally closed.

Part (c) follows from (b) since f belongs to O (X) if and only if both f and f~! are regular. ]

14.3. Invertible sheaves associated to divisors

Our next goal is to construct the map 7: Div(X) — Pic(X) in (14.1.2), i.e. to associate to every divisor
D on X an invertible sheaf, which we denote by Ox(D) (and which Hartshorne denoted by £(D)).
Intuitively, sections of Ox (D) corresponding to D are rational functions whose poles are ‘no worse than
D. The following definition makes this precise.

Definition 14.3.1. Let D be a divisor on X. We define Ox (D) to be the following presheaf on X:
Ox(D)(U) = {0} U{f € k(X)™ : (div(f) + D)y = 0} C k(X)

(if U # 0). By definition, Ox (D) is a sub-presheaf of the constant sheaf Xy with value k(X).
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Examples 14.3.2. (a) Let D C X be a prime divisor and let Jp C Ox be the corresponding coherent
ideal. Then Ox (—D) = Jp. Consequently, we have a short exact sequence

OHOX(—D) Ox Op 0.

The same holds for every effective divisor D = ) a;D;, which we may identify with the closed
subscheme V (Jp) for Ip = HJ;)"’_ (note that if @; > 1 for some i then this is non-reduced, so if we do
not work with schemes we cannot really consider D as a geometric subobject of X). Note that we
have D > 0 if and only if Ox C Ox (D), in which case we have a canonical section 1 € I'(X, Ox (D)).

A bit more generally, if D and E are divisors with D > 0, we have a short exact sequence
0—— Ox(E —D) E—— Ox(E> E—— Ox(E)’D —0.

Note that we cannot in general write Ox (E)|p as Op(E N D) since D and E may have a common
component.

(b) Let X =P for n > 0 and let D C X be a prime divisor. Then D = V(f) for an irreducible ho-
mogeneous f € k[xo,...,x,] of degree d. In this case we have Ox(D) ~ O(d). Combined with
Theorem 14.1.1 (still to be proved), this completes our proof from Lecture 12 that Pic(P") = Z,
generated by O(1).

Definition 14.3.1 introduced (implicitly) the sheaf of rational functions Xx. Let us note that it is
quasi-coherent: indeed, if X is affine, we have Ky = k(X) (check this!). Since we are discussing invert-
ible subsheaves of K, let us carefully distinguish between equality (=) and isomorphism ().

Lemma 14.3.3. Every divisor D on X is locally principal. That is, locally on X there exists a rational
function f € k(X)* such that div(f) = D.

Proof. Since divisors are combinations of prime divisors, and combinations of locally principal divisors
are locally principal, it suffices to show that every prime divisor is locally principal. Let thus D be a
prime divisor on X and let x € X; we seek to show that D is principal in a neighborhood of x. If x ¢ D
there is nothing to show, so let us assume x € D. Let A = Ox , which is regular (as X is smooth) and
hence a UFD. As we have remarked already in Lecture 13, this implies that every height one prime ideal
p C Ox  is principal. Thus Jp - Ox , is principal, generated by the image of a regular function f € O(U)
defined on an open affine neighborhood U of x. Shrinking U, we may ensure that Ip - O(U) = (f), so
that D|y = div(f)|y is principal. O

Remark 14.3.4 (Cohomological interpretation). By the above lemma, a divisor can be described in terms
of an open cover X = JUy, and nonzero rational functions fy such that g5 = fo/fg € O™ (UeNUp). If
you think carefully what happens when we refine the cover, you will deduce from this an isomorphism

Div(X) ~T'(X, X5 /O05).
The functions gqp form an O*-valued cocycle which defines the line bundle Ox (D). Once we learn

about cohomology, we will be able to recognize the sequence (14.1.2) as part of the cohomology exact
sequence associated to

1 oK K3 K5O — 1
which reads

1 — > O3 (X) —= k(X)* —=T(X,%X5/05) 2= H'(X,05) —= H'(X,X}) — ...

9%
Div(X) Pic(X) 1.

Here the last group H'(X,X5) is trivial since the sheaf K5 is flabby (being a constant sheaf on an
irreducible space).
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Proposition 14.3.5. Let D be a divisor on X.
(a) The presheaf Ox (D) is an invertible subsheaf of the quasi-coherent sheaf K.

(b) If E € Div(X) is another divisor, we have

OX(D)@O)((E) = Ox(D)Ox(E) = OX(D+E) Q :Kx.

(c) If D = div(f) for a rational function f € k(X)*, then Ox(D) = f~'- Ox. In particular, Ox (D) ~
Oy in this case.

(d) Conversely, if Ox (D) ~ Oy, then D is principal.
(e) Every invertible subsheaf of Xy is of the form Ox (D) for a unique divisor D.

Proof. Let us first show (c). By Proposition 14.2.2(b) we have

Ox(div(f)(U) = {g : div(fg) >0} = {g : fg€ O(U)} = f~'O(U).

We show (a). This is a local property, so we may assume thanks to Lemma 14.3.3 that D = div(f) is
principal. In this case the assertion follows from (c). Part (b) is easy and left as an exercise.

To show (d), suppose we have an isomorphism Ox == Ox (D) and let f € Ox(D)(X) be the image
of 1 under this isomorphism, which is a nowhere-vanishing global section of Ox(D). We claim that
D = —div(f). This can easily be checked directly by looking at the local rings Ox p for all prime divisors
PCX.

The proof of (e) follows the same strategy: since both invertible subsheaves of Ky and divisors can
be defined locally (i.e. both form sheaves of sets on X), we can work locally, thus reducing the problem
to the case of trivial (isomorphic to Oy) invertible subsheaves of Kx. But these are of the form f - Ox for
some rational function f € k(X)*, and hence equal to Ox (D) where D = div(f). Moreover, f-Ox = Ox
precisely when f is invertible, i.e. when D = 0, which shows uniqueness. O

Looking back at our target Theorem 14.1.1, defining 7: Div(X) — Pic(X) as D — Ox(D), Proposi-
tion 14.3.5 gives the exactness of the following portion of the sequence

k(X)* —2 Div(X) —Z> Pic(X).
Therefore what is left to show is that the map 7 is surjective.

Proposition 14.3.6. Let £ be an invertible sheaf on X. Then L embeds into Kx. Consequently, there
exists a divisor D on X such that £ ~ Ox (D).

Proof. For every invertible sheaf £ on X we have

Hom(£,%x) = Hom(Ox, £ @ Kx) = (X, L™ ®Kx) = lim £~ (U).
U#0

An element of I'(X, £L ® Kx) is called a rational section of £. Note that this is a one-dimensional vector
space over k(X). Via the above identification, nonzero rational sections of £~! correspond to injective
maps £ — Kx. O

Remark 14.3.7 (Weil divisors vs Cartier divisors). Parts of what we have proved works under less
restrictive assumptions. Here is a brief overview (for a more complete picture, see Hartshorne 11.6).

* All results from this lecture work for any integral normal noetherian scheme which is locally
factorial, meaning that the local rings Oy , are UFDs (for example, X regular).
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* On a general noetherian integral scheme X one has to distinguish between Weil divisors WDiv(X),
which are defined as here as integer combinations of codimension one closed irreducible subsets,
and Cartier divisors CDiv(X ), which are the locally principal ones.

* The map div: k(X)* — CDiv(X) is well defined as long as the local rings Oy ¢ at codimension
one points & € X are discrete valuation rings. This will hold for example if X is normal. In this
case we define the divisor class group CI(X) as the quotient

CI(X) = WDiv(X)/im(div: k(X)* — CDiv(X))
of Weil divisors by principal ones. Under the same assumptions,

Pic(X) = CDiv(X)/im(div: k(X)* — CDiv(X))
which is therefore a subgroup of C1(X).

Exercise 14.3.8. Suppose that X is projective and let £ be an invertible sheaf on X. Prove that if both £
and £~ have nonzero global sections, then £ is trivial.

14.4. Appendix: commutative algebra background

Proposition 14.4.1 (Stacks Project 0AFT). A noetherian domain is a UFD if and only every height prime
is principal.

Proof. We only prove the “only if” part, which is what we need for our treatment of divisors. Let A be a
noetherian UFD and let p C A be a height one prime ideal. Let x € p be a nonzero element. We can write

X=X]" ... Xp, X1,...,X, irreducible.

Since p is prime, we have x; € p for some i. We have thus constructed a nonzero irreducible element
y = Xx; € p. We claim that it generates p.

Since A is a UFD, the ideal q = (y) is prime: if uv € g, i.e. uv = wy, unique factorization implies that
y divides either u or v, so u € q or v € q. Since 0 # q C p and p has height one, we must have q = p, and
we are done. O

Example 14.4.2 (Quadratic cone). The ring A = kl[x,y,z]/(xy — %) is an integrally closed domain of
dimension 2 and the ideal p = (x,z) C A (corresponding to a line passing through the vertex) is a prime
of height one which is not principal. At the same time, the equality xy = z? exhibits the lack of unique
factorization in A.

Proposition 14.4.3 (Stacks Project 031T). Let A be an integrally closed noetherian domain and let K be
its field of fractions. Then
A= ) 4
ht(p)=1

(intersection of the localizations of A at all height one primes, taken inside K).

Proof. 1f dim(A) = 0 then A is a field, and if dim(A) = 1 then A is a discrete valuation ring and there is
a unique height one prime m for which A = A,,,. We might therefore assume that dim(A) > 2.

The (C) inclusion is clear, so let us show (2). Let g/f € K be a nonzero rational function (f,g €
A\ {0}) which belongs to A, for every height one prime p C A. We want to show that g/f € A, or
equivalently that g € (f), or that the image of g in B=A/(f) is zero. Let us denote the maximal ideal of
A by m and of B by n.

By Krull’s theorem all irreducible components of Spec(B) = V(f) C Spec(A) have dimension n— 1,
or equivalently for every minimal prime q C B its preimage p C A has height one. The assumption that
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f/g € Ay implies that g maps to zero in By. In other words, the open subset D(f) NV (f) CV(f) =
Spec(B) contains all of the generic points of Spec(B) and hence is dense in Spec(B). We are therefore
left with showing the following property of the ring B:

If g € B vanishes on a dense open subset of Spec(B) then it is zero.

Suppose that g # 0 in B. Let ¢ C B be a minimal prime among the support V (Anng(g)) # 0 of g, and
let p C A be its preimage. By our assumption, q is not a minimal prime of B, and hence dim(B,) > 1 and
dim(Ap) > 2. In order to obtain the desired contradiction with g # 0 in B, we may replace B with B, and
A with Ap. In other words, we may assume that ¢ = n and p = m. Thus g is identically zero on Spec(B)
away from its closed point, and y/Anng(g) = q.

Let n > 1 be the smallest such that n” C Anng(g) (i.e. g-n"* =0). Suppose first thatn =1,s0 g-n=0
inB,or g-m C (f) in A. There are two cases:

e If gm = (f) in A, we have m = (f/g) (as submodules of K), so m is principal, contradicting our
assumption that dim(A) > 2.

* Otherwise, we have gm C fm. In this case we have a well-defined endomorphism g/f: m — m.
By the Cayley—Hamilton trick (see Atiyah—-Macdonald, Propositions 5.1 and 2.4) this implies that
h/f is integral over A, and (since A is integrally closed) that i/ f € A, so h € (f), contradiction.

If n > 1, pick 2 € n*~!\ Annp(g) and replace g with ¢’ = gh # 0, so that ¢’ -n = 0, and run the previous
argument. O

14.5. Problem session (Mar 17)

Before stating the problems we discussed (prompted by Yurii) the origin of the name “divisor.” This was
a good opportunity to talk about some algebraic number theory.

Remark 14.5.1 (Why are divisors called divisors?). The terminology comes from algebraic number
theory, in which problems with lack of unique factorization in rings of integers in number fields play a
big role. Suppose for example that you want to prove that x” + y” = z” has no nontrivial solutions for a
prime p > 2. Rewrite this as

p—1

W=y = [[=Ey), G =exp(2mi/p),
i=0

an equality in the ring Z[,]. Were this ring a UFD, the above equality would look at least unlikely.

Let K be a number field (a finite extension of Q) and let A = O be its ring of integers (integral
closure of Z). Then A is a Dedekind domain (its local rings are DVRs), but not a PID/UFD in general (in
dimension 1, UFD and PID mean the same thing, thanks to Proposition 14.4.1). A nonzero ideal / C A
can be written uniquely as a product of powers of prime ideals. Thus, if we work with ideals, we always
have unique factorization (N.B. that’s why we call them ideals — for “ideal divisors”). Since they do
not form a group, we work with fractional ideals, which are finitely generated Og-submodules of K. The
class group Cl(O) is the quotient of the group of nonzero fractional ideals by the subgroup of principal
fractional ideals. Thus Cl(Og) = Pic(Spec(Ok)), and Ok is a UFD if and only if C1(Og) = 0. One of the
first results in algebraic number theory (whose proof requires a bit of convex geometry) is that C1(Og ) is
always finite. Its order, called the class number of K, is a mysterious invariant which can be computed
explicitly in special cases. For example, for the case of the cyclotomic extension K = Q({,) we have
Ok = Z[{p] and the class number is related to Bernoulli numbers. A prime p is regular if p does not
divide the class number of Q({,). Following ideas of Kummer, it is not difficult to prove Fermat’s Last
Theorem for regular exponents p (and thus for all p < 100 except for {37,59,67}).

76



Exercise 14.5.2. Let £ be an invertible sheaf on a projective variety X such that I'(X,£) and T'(X, £~1)
are both nonzero. Show that £ ~ Oy.

Solution. We first check that every nonzero morphism £; — £, between invertible sheaves on a variety
(or integral scheme) is injective. Since this is a local question, we may assume X is affine and £; both
trivial. In this case the map can be viewed as a map Oy — Oy, given by multiplication by a nonzero
element f € O(X). Since O(X) is a domain, this map is injective.

Now, we have

[(X,£)=Hom(Ox,L), T(X,£~")=Hom(Ox,L™ ") =Hom(L,0Ox)

(the last equality obtained by tensoring with £). Thus by assumption we have nonzero maps Ox — £ and
L — Oyx. By the previous paragraph, these maps are injective. Further, the composition Oy — £ — Oy
corresponds to an element f € O(X), which is nonzero since the composition is injective. But X is
projective, so O(X) = k. Thus f € k*, and Ox — £ — Oy is an isomorphism. Therefore the second map
L — Oy is surjective, and since as already observed it is also injective, it is an isomorphism. O

In the next problems we discuss smooth projective curves. For a divisor D =) apP on a smooth
projecitve curve X we define its degree as

deg(D) = Zap SYA
Exercise 14.5.3. Suppose X = P'. Show that for every principal divisor D we have deg(D) = 0.

Solution. Let f € k(X)* be a nonzero rational function, which we may write as p/qg for a pair of polyno-
mials p,q € k[T]. It suffices to treat p and g separately, so we may assume that f € k[T] is a polynomial.
In this case we have

div(f) = Z My - X — N~ 00

x: f(x)=0

where the sum is over all zeros of f and m, are their multiplicities. Thus Y} m, = deg(f). The multi-
plicity m at infinity is calculated as the order of the pole at zero of f(1/T), which equals deg(f). Thus
degdiv(f) =0. O

Remark 14.5.4. The result can also be deduced from our computation of Pic(P') in Lecture 14. Indeed,
the maps deg: Div(P') — Z and 7: Div(P') — Pic(P') = Z are “the same” map.

Exercise 14.5.5. Same as the previous problem but without assuming X = P!,

This result allows us to define the degree of an invertible sheaf on a smooth projective curve:

k(X)X —>DiV(X) —>PiC(X) —1
xdig o "é!deg
/A

In order to attack Problem 14.5.5, we need two very useful facts.

Lemma 14.5.6. Let X be a normal (i.e. O(U) is integrally closed for every open affine U C X) variety
with function field K and let L/K be a finite extension. Then there exists a unique normal variety Y with
function field L and a finite dominant map Y — X inducing the field extension L/K.

Proof. Suppose first that X is affine and let A = O(X). In this case, let B be the integral closure of A in L.
Then Y = MSpec(B) is a normal variety with function field Frac(B) = L and the induced Y — X is finite
(by finiteness of integral closure) and dominant (as A — B is injective). The uniqueness is also clear: any
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other candidate has to be of the form MSpec(B’) where B’ is integrally closed, Frac(B') =L, and A — B’
finite (and hence integral). Thus B = B'.

In order to globalize this, we check easily that this construction is compatible with localization: for
every nonzero f € A, the localization B[f~!] coincides with the integral closure of A[f~!] in L. This is
clear since again B[f~!] is normal, has function field L, and A[f 1] — B[f~!] is finite.

For the general case, let X = [J,; Uy be an affine open cover. For each a, B € I let

UaNUg = | Unpy
YE.]&[;

be an open cover such that Uygy is a distinguished affine open in both Uy and Up (see Problem 1 on
Problem Set 4). Define V, = MSpec(By) where By is the integral closure of A = O(Uy) in L. The
previous paragraph allows us to identify the preimage of each Uygy in Vo and Vg. This way we glue
the V, to obtain a normal variety Y with function field L together with a finite dominant map ¥ — X, as
desired. 0

Lemma 14.5.7. Let X be a smooth curve, let U C X be a dense open subset, and let ¢ : U — P" be a
map. Then ¢ extends uniquely to a map y: X — P".

Proof. We have U = X \ S for a finite set S. By induction it suffices to treat the case #S = 1, i.e. U =
X \ {x}. The ring R = Ox, is a discrete valuation ring with fraction field K = k(X ). From this point on
we can either work over Spec(Ox ) to extend the map locally at x, or (more clumsily) give a complete
proof in the language of varieties. We go the second route.

Let U; C U be the preimages of the standard opens D(x;) C P". Since they cover the irreducible U,
one of them has to be dense, say Up. Then Xy = Uy U {x} is an open neighborhood of x (we are on a
curve!). Since the problem is local we can replace X with Xy. This means that ¢ can be represented
by amap (1: f1:---: f,) for some fi,...,f, € O(U). Similarly, shrinking X around x we may assume
that x = V() for some @ € O(X), so that O(U) = O(X)[1/x]. If f1,..., fx belong to O(X) C O(U), we
extend the map with the same formula. In general (ignoring the indices for which f; = 0), we can write
fi=gi/m"™ where g; € O(X), g; ¢ (7). Let m = min(my,...,m,) and set f} = ", f/ = n"g;. Then one
of the f is a unit in a neighborhood of x, and after shrinking X again the map (f}: ---: f;) gives the
desired extension y: X — P". O

Remark 14.5.8. The same ideas combined with Proposition 14.4.3 imply that a rational map from a
normal variety to a projective variety is defined on an open subset whose complement has codimension
at least two.

Corollary 14.5.9. A birational map between smooth projective curves is an isomorphism.

Corollary 14.5.10. Let X be a smooth projective curve and let f € k(X) be a non-constant rational
function. Then there exists a unique finite map ¢: X — P! (in practice denoted also by f) such that
0*(t) = f (here T is the coordinate on A' C P!, so that k(P') = k(t)).

Proof. Since f is non-constant, it is not algebraic over k, so there exists a unique k-algebra map of fields
k(t) — k(X) sending ¢ to f. So we have a finite extension of fields k(X)/k(r), and by Lemma 14.5.6
there exists a unique finite dominant map X’ — P! where X’ is a normal variety and k(X') = k(X).
Since dim(X’) = 1, normal means smooth, so X’ is a smooth projective curve. Since k(X’) = k(X),
Lemma 14.5.7 implies that X = X'. O

Lemma 14.5.11. Let ¢: Y — X be a finite map between smooth curves. Let d = deg(k(Y)/k(X)) be
the degree of the field extension of function fields. Then for every x € X the number of points in ¢! (x),
counted with multiplicity, equals d.
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Proof. We may assume that X is affine. Let A = Oy, and B = O(Y) ®¢(x)A = O(Y),. Then A — B is
finite and A is a dvr. Moreover, being a localization of O(Y), B is a domain (with fraction field k(Y)) and
hence torsion-free as an A-module. By the classification of modules over PIDs we see that B is a free
A-module of finite rank. By tensoring with k(X), we see that this rank is equal to d. By tensoring with
k, we obtain the sum of the multiplicities of all y — x. Indeed, if 7 is a uniformizer of A, then for every
such y, the multiplicity is vy(7), which is the length of Oy, /(7), and we have

B®Ak:HOY’y/(7C). ]

y=x
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15. Lecture 15 (Mar 19): Cohomology

Recommended reading: Kempf §8, Hartshorne III §2-3

15.1. Motivation

Let X be an algebraic set (or a noetherian scheme) and J a coherent sheaf on X. In this lecture, we are
going to associate to F a sequence of vector spaces H?(X, %) (indexed by ¢ > 0) called its cohomology
groups. In brief, for g = 0, these are the global sections I'(X, ), and for a short exact sequence 0 —
F'— F — J" — 0, the group H' (X, ") allows us to control the failure of it staying exact after applying
HO, then H*(X,J") addresses a similar problem with H', and so on.

Surprisingly, the actual definition of cohomology groups is almost unimportant, and it is challenging
to give elements of H?(X,J) a concrete geometric meaning for ¢ > 2 (for ¢ = 1, one can describe the
cohomology group in terms of torsors, see [SP Section 03AG]). What is important is how to compute
them, and how to use their properties to prove new results in algebraic geometry.

What are the key properties of cohomology?

1. A short exact sequences of sheaves

0 F F F 0
induces long exact sequences of cohomology groups

0 —— H'X,¥) —— H'(X,F) —— H(X,F")

L H'(X,5) ———— ...

. —— HY(X,F")

L HI(X,¥') —— HY(X,F) —— HI(X,F")

<)

[» HIY (X, F) ——— ...

2. If X is affine, then H?(X,J) = 0 for ¢ > 0 (Theorem 15.3.1).

3. In general (assuming X is separated), H(X,J) can be computed using the Cech complex associ-
ated to a fixed affine open cover of X.

4. We have H4(X,J) = 0 if X can be covered by ¢ affine open subsets, or if dim(X) < g.
5. If X is projective (or more generally complete), then HY(X,F) are finite-dimensional for all g > 0.

Up to 70% of core technical results in algebraic geometry rely on the computation or vanishing of
some HY(X,0x(D)). Here are two basic but important examples, a preview of things to come.

Example 15.1.1 (Connectedness of hyperplane sections). Let X C P” be a normal projective variety of
dimension > 2 and let D = X N H for a hyperplane H C P". Then D is connected.

The proof of this is related to cohomology of line bundles as follows (since D might be non-reduced
in general, it is quite essential to work with schemes for this proof). A projective scheme Y is connected
if dimHO(Y, Oy) =1 (Gf Y = YoUY; with ¥; # 0, then considering locally constant functions we have
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k x k — H°(Y,0y)); the converse holds if ¥ is reduced. So we want to compute H°(D,Op), which fits
inside an exact sequence of cohomology associated to

0 —— Ox(—D) Ox Op 0

as follows:
k=H’(X,0x) —= H°(D,0p) — H'(X,0x(—D)).

Thus if H'(X,0x(—D)) = 0, we deduce D is connected. This is not “if and only if,” and in fact
H'(X,0x(—D)) will often be nonzero. However, we are free to replace D with nD in this argument
for any n > 1; the scheme nD = V(Ox(—nD)) has the same underlying space as D, only more locally
defined nilpotent functions. This time we get

k=H(X,0x) —= H(nD,0,p) — H'(X,0x(—nD)).

The proof is now reduced to showing that if X is normal and of dimension > 2, then H' (X, Ox(—nD)) =0
for n > 0. See [Hartshorne, Corollary III 7.8].

Example 15.1.2 (Construction of rational functions on a curve). Let X be a smooth projective curve and
let P € X. Does there exist a rational function f € k(X) with a pole at P and regular on U = X \ {P}?

For n > 0, rational functions with a pole of order at most »n at P, and regular everywhere else, are
by definition the global sections of the invertible sheaf Ox(nP) on X introduced in Lecture 14. In the
question, we seek a non-constant such function, which translates into the inequality

dimH°(X,0x (nP)) > 2.
The sheaves Ox (nP) and Ox ((n+ 1)P) fit into a short exact sequence

where kp is a one-dimensional skyscraper sheaf at the point P.
Cohomology enters the picture thanks to the exact sequence

0 —— H(X,0x(nP)) —— H°(X,0x((n+1)P)) —— k j

S
L H'(X,0x(nP)) —— H'(X,0x((n+1)P)) — 0

(here the skyscraper sheaf kp has global sections k and no higher cohomology). Thus, if H!(X,Ox (nP)) =
0 for some n > 0, we conclude that

dimH°(X,0x((n+1)P)) = 1 +dimH°(X, Ox (nP)) > 2,

and that there exists a rational function f with pole of order exactly (n+ 1) at P and regular on U.
The required vanishing is a consequence of the Serre duality theorem, which states that

H'(X,0x(D)) ~ Hom(Ox (D), wx)" = H(X, 05 (—D))"

where @y = Q}( is the canonical invertible sheaf (the sheaf of Kéhler differentials, or of algebraic
differential one-forms on X). In particular, if deg(D) > deg(wx), then Hom(Ox (D), @x) = 0, and con-
sequently H'(X,0x(D)) = 0. (As we shall see later as a consequence of the Riemann—Roch theorem,
deg(wy) = 2g — 2 where

¢=dimH’(X,wx) = dimH'(X,0x)
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is the genus of X.) We conclude that for n > 0 (more precisely, for n > 2g) there exists a rational function
f with pole of order exactly » at P and regular on U.

We can draw from this the following important corollary: the curve U = X \ {P} is affine (and more
generally, every proper open subset of X is affine). Indeed, reasoning as in the last problem session (see
Lecture 14, §14.5) we see that the function f we have just constructed corresponds to a finite map

f: X —P!

with f1(e0) = {P}. Thus U = f~1(P'\ {eo} = (Al is affine.

15.2. Definition and basic properties of sheaf cohomology

The following elementary exposition of sheaf cohomology follows Kempf §8.1.

Let F be an abelian sheaf on a topological space X. In our discussion of sheafification in Lecture 7,
we introduced the sheaf of discontinuous sections

D(g:’) = Hix,*grm

xeX

the product of skyscraper sheaves corresponding to the stalks of F at all points of x. We have a tautolog-
ical injective map
i:F— D).

The sheaf D(J) is an example of a flabby (a.k.a. flasque) sheaf: one for which the restriction maps
F(U) — F(V) are surjective for all V C U C X. We recall the key property of flabby sheaves (see
Problem Set 3):

e If0 - F — F — F” — 0 is a short exact sequence with F’ flabby, then
0—IX,)——TIX,5) —TI(X,57")——=0
is exact.

Using the construction D(J) iteratively, we can associate to every abelian sheaf F a canonical flabby
resolution D*(F) (a.k.a. the Godement resolution): define Q(F) = D(F)/F and set

D'(F)=D(F), DYF)=D(Q(F)), D J)=D(Q(Q(F)),

~.

0(Q(%))

\ 0
0 9/ \D%t) D‘m/ \

and so on. Diagram for visual aid:

\Q(’J")/
N

This being a resolution means that the middle row is exact. Applying the functor I'(X, —) to the complex
of abelian sheaves D*(F) we obtain a complex of abelian groups I'(X,D*(F)).
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Definition 15.2.1. Let J be an abelian sheaf on a topological space X. For g > 0, the g-th cohomology
group of J is

ker(r(x D1(F)) — (X, DI (F))

HY(X,F)=HY[(X,D*(F))) = im(C(X,D7 1 (F)) — D(X,D4(F))

We observe right away that left-exactness of ['(X, —) applied to 0 — F — D°(F) — D' (F) gives
['(X,7) = H'(X,9).

Note first of all that since D(F) is obviously functorial in F, so are all of the above constructions, in
particular (X, ¥). Furthermore, if

0 F F F" 0

is a short exact sequence of abelian sheaves, then so are

0—— D(F) D(%) D(F") ——>0

and therefore also

0 () Q(F) 0(F") —=0.

Iterating this, it follows that the sequence of complexes of sheaves
0——=D*(F)——=D*(F)——=D*(F") ——=0

is exact. By our “key property” of flabby sheaves, it remains exact after applying I'(X, —), so we have a
short exact sequence of complexes of abelian groups

0——TI(X,D*(¥)) —=TI(X,D*(F)) —=T(X,D*(F")) —0.
By the snake lemma, we obtain a long exact sequence of cohomology groups

0 —— H'X,9) —— H'X,F) —— H°(X,F")

. —— H'(X,F) —— HTY(X,F) —— HIY(X,F")

1)
L HI(X,¥) — HUX,F) — HI(X,F")

1)
L H (X, F) —— HIY(X,F) —— HIT(X,F") —— ...

Lemma 15.2.2. (a) If F is flabby then H1(X,F) = 0 for ¢ > 0.

(b) If F — C* is a flabby resolution (meaning that 0 — F — €° — C! — ... is exact and all the C! are
flabby), then we have a canonical isomorphism

HY(X,5) = HI(T(X,C")).

(c) More generally, (b) holds under the weaker (thanks to (a)) assumption that

HY(X,CP)=0  forqg>O0andall p>0.

83



Proof. (a) We first check the following auxiliary fact: if 0 — F — F — F” — 0 is a short exact se-
quence with ¥’ and F flabby, then F” is flabby as well. To show this, take V C U C X and consider the
commutative diagram

0——F(U) F(U) F'(U) —0
0 F (V) F(V) F'(V) — 0.

Here the rows are exact since F” is flabby (by our “key fact” applied to the restriction of the sequence to
U or V), and the left and middle vertical maps are surjective since F’ and F are flabby. It follows that the
right map is surjective (by the snake lemma or an easy diagram chase), and since U and V were arbitrary,
we see that F” is flabby.

Now, the auxiliary fact implies that Q() is flabby. By induction, all Q'(F) are flabby, and the “key
fact” implies that our big “visual aid” diagram remains exact after applying I'(X,—). Thus I'(X,D*(5))
is exact in positive degrees, and hence H4(X,J) = 0 for ¢ > 0.

(c) Induction on g > 0. This is true for ¢ = 0 (with no assumptions on the C?). Let G be the cokernel
of F — C° so that G — C*Z! gives a resolution of G of the same kind, and the cohomology sequence of
the short exact sequence

0 F o S 0

gives
HY(X,5) = cok(H'(X, %) — HO(X,9)) = H\(T(X,€),  HY(X.F)~HT\(X,9) (¢>2),
so the result for (G,q — 1) implies the result for (&, ¢q). O

Lemma 15.2.3. Let X be a noetherian topological space and let {Fy} be an inductive system of abelian
sheaves on X, and let F = 1;1133"05 be its direct limit. Then

linqu(X,?a) =~ HI(X,F)
forall g > 0.
Proof. We have (hopefully) shown this for ¢ = 0. The general case is left as a (worthwhile) exercise. []

Remark 15.2.4. More generally, the result holds on any spectral space (we do not need all opens to be
quasi-compact, but only a basis of quasi-compact opens, stable under intersections).

Exercise 15.2.5. Compute H'(S',7Z) directly from our definition of cohomology.

Remark 15.2.6 (Functoriality). Trivially, H?(X,J) is functorial in F. It is also functorial in X, in the
following way(s). Let f: ¥ — X be a map and let F be an abelian sheaf on Y. Then we have natural
maps

o HUX, f.F) — HI(Y,T)

defined as follows (more abstract definitions of cohomology yield easier constructions). For every flabby
sheaf G on Y, the push-forward f, G is flabby. It follows that we have a complex on X

0 — f.¥ — f.D*(%) — f.D'(F) — ...

whose terms f,D?(F) are flabby for p > 0, and which is exact on the left (but not exact in general). For
each p > 0 and g > 1 we obtain maps

HQ(X)f*QP) *N>Hq_1(X7f*Dq(gj)/f*Qp) *)Hq—l(X’f*Qp-H)

84



where the first map is the boundary map from the short exact sequence 0 — f,QF — f.DP(F) —
f.DP(F)/ .9 — 0 and the second map is induced by the canonical injection f.D?(F)/f.QF — f£.QPF1,
For g = 0, we instead get a map

H'(X,m.QF) — cok(H (X, £.D"(F)) — H°(X, £.QP 1)) = cok(H°(Y,D”(F)) — HO (Y, Q7T 1)) = HY(Y, F).
We define the pull-back map f*: HY(X, f.F) — H?(Y,¥) as the composition
HY(X,f.5)=HIX,£.Q% - H\(X,£.Q") — --- - H'(X, £,.Q7") = HI(Y, ).

The following variant is often used. Suppose now that f is a map of ringed spaces and let F be an
Ox-module. Setting § = f*JF, we have the adjunction map F — f, f*F = f.G. We define the pull-back
map

ffTHYX,F) — HYY,f*F)

as the composition

ad. f* for f*F

Hq(ngj)—>Hq(X’f*f*?) Hq(Y’f*gj)

15.3. Cohomology of an affine

Theorem 15.3.1. Let F be a quasi-coherent sheaf on an affine algebraic set’ X. Then
HI(X,5)=0  forqg>0.

Proof. This can be deduced from the exactness of the Cech complex (Lecture 9, §9.1) using some
Cech cohomology techniques. Grothendieck does this in EGA III, using a theorem of Cartan (Gode-
ment Geometrie algébrique et théorie des faisceaux, 11 5.9.2). The Stacks Project also does this [SP
Lemma 01XB], with a slightly easier approach (avoiding the use of spectral sequences, see [SP Lemma 01EW]).
See also [Kempf §8.2], [Hartshorne Theorem III 3.5].

O

Remark 15.3.2. Theorem 15.3.1 allows us to “rediscover” the fact (proved in Lecture 11) that if 0 —
F — F — F" — 0 is a short exact sequence of sheaves on an affine X with ¥ a quasi-coherent Ox-
module, then

0—IX,9)——TIX,5) —TIX,5")——0

is exact. Indeed, this is a consequence of the vanishing H' (X, ) = 0.

Remark 15.3.3. Serre proved the following converse to Theorem 15.3.1 (see [Hartshorne Theorem III
3.7]): suppose that X is an algebraic set or an affine noetherian scheme such that H'(X,J) = 0 for every
coherent ideal sheaf J C Oy. Then X is affine.

Sketch of proof: The assumption implies that for every closed subscheme/subset Z C X, the restric-
tion O(X) — O(Z) is surjective. If U C X is an open subset and x € U, applying thisto Z= (X \U) C {x}
and the function x(, (1 on {x}, 0 on X \ U) we find an f € O(X) such that x € D(f) C U. Thus D(f)’s
form a base of the topology on X. Let X = [JU, be an affine open cover. We may find f,..., f, € O(X)
(finitely many since X is qc) such that X = D(f1) U---UD(f,) and for every i there exists an & such that
D(fi) C Ug. Now D(f;) = Spec(O(Ug)[f;"']) are affine. Thus, by the (corrected) Problem 3 on Problem
Set 4, to show that X is affine it suffices to prove that fi,..., f, generate the unit ideal in O(X). To this
end, we look at the short exact sequence

"The same proof works for a noetherian scheme. The result is true for non-noetherian schemes as well.
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the map on the right is surjective since the D(f;) cover X, so that on D(f;) the sequence has a splitting,
and R (the “sheaf of relations” between the f;) is defined as the kernel. If H'(X,R) = 0, the map
(fi,--s fr): O(X)" — O(X) is surjective, so 1 = Y g; f; for some g; € O(X) and we win.

To show that H'(X,R) = 0 we define R; = RN O fori=0,...,r. We have R = R,, R;i_; C R,
and the quotients R;/R; | embed into Oy, so that H'(X,R;/R; 1) = 0. The cohomology sequences
associated to the short exact sequences

0 Ri1 Ri Ri/Ri-1 —=0
allow us to show by induction on i that H' (X, R;) = 0 for all i.

Corollary 15.3.4. Let f: Y — X be an affine map and let F be a quasi-coherent sheaf on Y. Then the
maps
f*1 HI(X, £.F) — HI(Y,7)

are isomorphisms for all g > 0.
Example 15.3.5. Examples of affine maps to keep in mind:
(a) closed immersions;
(b) the inclusion of an affine open j: U — X into a separated X;

(c) the projection w: A1\ {0} — P".
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16. Lecture 16 (Apr 2): Cohomology of coherent sheaves on projective varieties

Recommended reading: Hartshorne I11.4 and II1.5, Kempf §9.1-9.3

16.1. Cech cohomology

We shall now use the vanishing of cohomology of quasi-coherent sheaves on affines to give an algorithm
for computing cohomology on an arbitrary separated algebraic set.

Let X be a separated algebraic set (or noetherian scheme), I a quasi-coherent Ox-module, and U C X
an affine open subset. Denote by j: U — X the inclusion map, which is an affine morphism: the preimage

7 Y (V) =UNV of every affine open V C X is affine. Consequently, the maps

JHY(X, ju(Flw)) — HY(U, Fv)

are isomorphisms, and hence H?(X, j.(F|y)) = 0 for ¢ > 0. The restriction maps F(V) — F({UNV)
for varying V C X assemble to give a canonical “restriction” map F — j,(F|y) towards a sheaf with no
higher cohomology. This observation is the basis for the construction of the Cech complex of 7.

Construction. Let X = UyU---UU, be a finite affine open cover. For a non-empty I C {0,...,r} denote
by U; =(;c; Ui the corresponding intersection (which again is affine since X is separated), by j;: Uy — X
the inclusion map, and let

F1=j1(Flu) = jisdi F-

Consider the following complex of quasi-coherent sheaves on X:
0—=F ——=@y1 F1 — By 91— .. (16.1.1)

where the map F — €P;—; J7 is the sum of the restriction maps F — J;, and where the differential

d: @ 97[ — @ 9:1
[1|=p [|=p+1
is given by
d(f1)s =Y, (=1)'Dfp -
jeJ
Here s(j)=#{j €J: j < jhsoifJ={jo<--- < j,} then s(j,,) = m.
Lemma 16.1.1. The complex of sheaves (16.1.1) is exact.

Proof. Not to obscure a simple picture with overwhelming notation, consider first the case r = 1, so
X =UpNU,. Let x € X, it suffices to show exactness on stalks at x. Without loss of generality, we may
assume that x € Up. In this case (Fp), = Fx and a moment’s thought shows that (Fo; ), = (F1)x (as U
and U, are equal in a neighborhood of x, namely on Up). The stalks of the Cech complex at x thus takes
the form

OH?XH?x@(?I)xH(EI)xHO-

This is visibly (split) exact.
For the general case, let again x € X, and assume x € Up. Then for every I C {0,...,r} the opens U;
and Uy 0}y are equal in a neighborhood of x, and hence

(S'r[)x = (QTIU{O})»

It weset Cp, = Dycqi,...o, 1|=p+1 (F7)», then we can decompose the stalk at x of the p-th term of the Cech
complex of J as follows

B F)=PFne P Fh=CaC,

l|=p+1 0el IC{1,...r}
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The stalk of the complex (16.1.1) at x takes the following form
0—3F, —0,0C ——CdC —=C1dC, — ...
which again is split exact. 0

Definition 16.1.2. Let X be a separated algebraic set (or noetherian scheme), let X = Uy U---UU, be a
finite affine open cover, and let I be a quasi-coherent Ox-module. The Cech complex of J relative to
the cover {U;}/_,, is the complex

€*(F AU = | @y TWU1) —> Dy T(U) —
obtained by taking the global sections of the complex (16.1.1).

Corollary 16.1.3. Let X be a separated algebraic set (or noetherian scheme) and let X = Uy U ---UU,
be a finite affine open cover. Then for every quasi-coherent Ox-module F on X we have

HY(X,F) = HY(€*(F,{Ui}))-

Proof. Since each Uy is affine, we have HY(X, Di=p 1) =0 for g > 0 and all p > O (see the paragraph

preceding our construction of the Cech complex). We conclude applying Lemma 16.1.1 and Lecture 15,
Lemma 15.2.2(c). [

Corollary 16.1.4. Let X be a separated scheme which can be covered by r+ 1 affine open subsets. Then
HY(X,3F) =0 for g > r and every quasi-coherent sheaf F on X.

Proof. This follows from Corollary 16.1.3 since C*(F,{U;}) is concentrated in degrees [0, r]. O

Example 16.1.5 (Punctured plane). Let X = A%\ {(0,0)} with coordinates xg,x;, covered by U; = D(x;).
Let us compute H?(X, Ox) using the associated Cech complex

[O(Uy) ®O(Uy) d O(Uo1)]

k[xo 7xl]@k[X(),X1 ] k[xo 7x1 ]

(fof1)=fo—fi

The kernel of the bottom map is k[xp,x;] embedded diagonally (and we knew already that O(X) =

k[x0,x1]), and the cokernel is spanned by monomials x;"x|' with both exponents strictly negative, which

we can write as
H'(X,0x) = xy "% kg Lox 1)

The groups HY(X,Ox) are zero for g > 1.
We mention the following result without proof.

Theorem 16.1.6 (Grothendieck vanishing, [Hartshorne 111 2.7]). Let X be a noetherian topological space
of dimension n. Then H1(X,F) = 0 for ¢ > n and every abelian sheaf F on X.
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16.2. Cohomology of projective space
Our next goal is to compute the groups
HY(P",0(d))

forallg > 0,n>1, and d € Z. As we shall see later (Theorem 16.2.5), every coherent sheaf on P" is
a quotient of a finite direct sum of some O(d;)’s, and so our computation will have some fairly general
consequences. We start our calculation with the structure sheaf on A"*1\ {0}, which is only a bit harder
than the one for n = 1 done in Example 16.1.5.

Lemma 16.2.1. Forn > 1 we have

klxo, ..., x,] g=0
" 0 O0<g<n
HI(A™ 1\ {0},0) = Clprel o
(X0...Xn) 'klxy ,...ox, ] g=n
0 q > n.

Proof. The proof is by induction on n. We have shown this for n = 1 in Example 16.1.5. Suppose that
n > 1 and that the result holds for n — 1. Let U = U, = D(x,) and let j: U — X be the inclusion. We
have a short exact sequence

0— =0y —>j,0y —=Q9——=0 (16.2.1)

where Q is supported on the closed subset X’ =V (x,,) ~ A"\ {0}. Even though it is not a Oy/-module, it
decomposes as a direct sum of Ox/-modules

Q=P ox-x.

Since X’ is noetherian, cohomology commutes with infinite direct sums, so by the induction assumption

we obtain
X kxo, o xn1] [ 1] q=0
0 0<g<n—1
H(X,0) = H(X',Q) = 1 1 o
(0 x0) kg ] g=n—1
0 qg>n—1.

Since U is affine, HY(X, j,Oy) = H4(U,Oy) = 0. Thus the long cohomology exact sequence associated
to (16.2.1) gives

H'(X,0x) = cok(T'(U,0y) — T'(X,Q)) = cok(k[xo, . .., xn, X, || = x,, "k[xo, ..., %, ']),
which is zero, and HY(X, Ox) ~ @,,-oc H?~' (X', 0%) - x™. Thus we conclude by induction. O

Lemma 16.2.2. Let m: A"\ {0} — P" be the projection. Then

.0 =P o(d).
del
Proof. We already know that for an open U C P", we have O(d)(U) = O(n~'(U))y, the space of all
functions on 7~ (U) C A™"! which are homogeneous of degree d. So we need to show that every
function on 7~ !(U) C A"*! can be written (uniquely) as a sum of homogeneous functions. Uniqueness is
checked easily, and then existence can be checked locally. We can therefore reduce to the case U = D(g)
for some homogeneous g, in which case O(U) = k[xo,...,X,][g"']. An element of this ring is a unique
sum of f/g¢™ for homogeneous f of degree e, and such an element gives a homogeneous function of
degree ¢ — md. O
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Theorem 16.2.3. Letn>1,d € Z, g > 0. Then

k[XQ,...,Xn]d C]ZO
n 0 0<q<n
H(P",0(d)) = 1,1 BN 11 -1 _
(0. xn) kgt x 1)y (o) kg s g g =
0 q>n.

Proof. Since the map 7: A"\ {0} — P" is affine, by Lemma 16.2.2 we have

HI(A™\{0},0) = H)(P", m.0) = HI(P",@yez0(d)) = P H(B", 0(d)).
deZ

On the other hand, the left-hand side is given in Lemma 16.2.1. Moreover, for ¢ = O the degree d part
of the right-hand side corresponds to k[xo, . ..,X,]4 on the left (this is again Lemma 16.2.2). For g =n, a
closer inspection of the Cech complex computation of H”(A"+!\ {0}, ) (which we omit) shows that the

degree d part of the right-hand side corresponds to the degree d part of (x...x,) 'k[xy',...,x; 1. O

Corollary 16.2.4. The spaces H1(P",0(d)) are finite-dimensional. Their dimensions are given as

() g=0.d>0
0 g=0,d <0

HY(P",0(d)) =10 0<g<n
(7[271) g=n,d<0
0 q>n.

The following result is one of the most important tools. We omit the proof (it is not so difficult given
what we know).

Theorem 16.2.5 (Serre, [Hartshorne II 5.17 and 5.18]). Let F be a coherent sheaf on P". Then there
exists an integer d, an N > 0, and a surjection

O(-d)N — 7.

Remark 16.2.6. The following equivalent form of Theorem 16.2.5 is often given. Let us call F globally
generated if the natural map
[P F)®@0pn — F

is surjective. (Note for example that if F is an invertible sheaf this simply means: for every x € P"
there exists a global section of & which does not vanish at x.) Then Theorem 16.2.5 is equivalent to the
statement that for d > 0, the coherent sheaf F(d) = F® O(d) is globally generated.

Corollary 16.2.7. Let X be a projective algebraic set and let F be a coherent sheaf on P". Then the coho-
mology groups H1(X,F) are finite-dimensional for all ¢ > 0. In particular, U(X,F) is finite-dimensional.

Proof. Leti: X — P" be a closed immersion into some projective space. Since i is finite, the sheaf i,
is coherent and HY(X,J) ~ H4(PP",i,F). Thus we may assume that X = P".

We prove the result by descending induction on g. For ¢ > n we have H?(P",J) = 0 since P can be
covered by n + 1 affines. For the induction step, let ¢ > 0 and suppose the result has been proved for all
¢ > q. By Theorem 16.2.5 we have a surjection O(—d)¥ — 7, and letting R be its kernel, a short exact
sequence

0—=R—>0O(—d)N —=TF ——0.
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The relevant portion of the long cohomology exact sequence is
HI(P",0(—d))N — HI(P",F) — HIT (P",R)

where the group on the left is finite-dimensional by Corollary 16.2.4 and the one on the right is finite-
dimensional by induction assumption. Thus H?(X, ¥) is finite-dimensional. t
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17. Lecture 17 (Apr 7): Differentials

Recommended reading: Hartshorne 11 8, Kempf §6.3

17.1. Review of Kihler differentials

To a map of rings A — B we associate the B-module Qzla /A of Kihler differentials of B over A. It is the
target of an A-linear derivation

d: B— Q)
(i.e. an A-module map into a B-module satisfying the Leibniz rule d(fg) = f-d(g) + g-d(f)) which is
universal in the sense that every A-linear derivation 0 : B — M into a B-module M factors as 8 = 6 od for

a unique B-module map & : Q}g A M. For completely formal reasons, Q}g /A is generated as a B-module
by the elements df (f € B) subject to the relations

d(f+g)=df+dg,  d(ff)=fdg+gdf, — da=0 (ff €B,acA).

Applying these inductively, we deduce that for every polynomial f € A[T] and b € B, we have d(f (b)) =
f'(b)db where f” is the formal derivative of f.

IfB=A[Ti,...,T;]/(fi,..., f;) is a (finite) presentation of B as an A-algebra, then Q}, /a 1s generated
by the finite number of elements d7; subject to the relations

or equivalently can be written as the cokernel of the “Jacobian matrix” J = [d f;/dT;] treated as a map
B" — B".

The following proposition lists the most important properties of Q.

B/A" It is phrased in the less-than-
optimal way, postulating the existence of certain canonical maps instead of constructing them. See the
subsequent remark for extra precision.

Proposition 17.1.1. Let A — B be a map of rings.

(a) (Base change) Let A — A’ be a map of rings and let B = B, A’. Then
1 1
QB’/A’ ~ QB/A ®BB,
(b) (Transitivity) For every map of rings B — C we have an exact sequence of C-modules

'Ql]i’/A QA C—— Qé/A Q]C/B 0.

(c) (Localization) For every multiplicative system S C B, we have
1 1 el
Qpis11/a = Lp/a [S77].

(d) (Conormal sequence) For every ideal I C B we have an exact sequence of B/I-modules

2 _ d 1 1
I/IF —— QB/A ®pB/l —— Q(B/I)/A —0.
(e) (Characterization in terms of the diagonal) Let J be the kernel of the surjective map BXs B — B,
b®Db' +— bb'. Then
Qpp = J/J.
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Remark 17.1.2. Construction of the various maps appearing above:

(a) Since B — B’ — Ql, ., is a B-linear derivation, by the universal property of Q , we obtain a

B /A B/A
B-linear map Q}B A Qg, e which by adjunction between forgetful and base change corresponds

to a B”-linear map Qllg/A ®pB — Q};,/A,.

1
B/A

the A-linear derivation B — C — Q(lj /A° The second one corresponds to the A-linear derivation
1
C—Qn /B

(b) The first map in the sequence is adjoint to the A-module map Q,,, — QIC /A corresponding to

(c) To get the map Q},,,[S71] — Q!

B/A 5(5-1]/4 @PPLy the construction in (b) to C = B[S~ !].

(d) The second map is again (b), this time applied to C = B/I. The first one is the unique map making

the diagram below commute
dl;

1
I QL ,

T

I/P = Q) @B/l

(since the left map is surjective, the desired map is unique if it exists. One still needs to check that
it does.)

() The morphism Q}; A J/J? is the unique B-module map sending db to the class of b® 1 — 1 ® b.

Proof of Proposition 17.1.1. See Stacks Project: (a) [SP Lemma O0RV] (b) [SP Lemma 0O0RS] (c) [SP
Lemma OORTT] (d) [SP Lemma OORU] (e) [SP Lemma OORW]. L]

17.2. Sheaves of differentials

Let X be an algebraic set. We can construct a coherent Oy-module Q) together with a k-linear derivation
d: Ox — Q

in either of the following ways:

(a) as the universal k-linear derivation into a quasi-coherent Ox-module;

(b) as the sheaf whose value on an affine open U C X is Q}D(U) Ik (this works thanks to Proposi-
tion 17.1.1(¢c));

(c) as JA/Ji where Jy C Oxxx is the ideal sheaf of the diagonal X ~ A C X x X (assuming that X is
separated).

We omit the details — see the recommended references or Stacks Project, section 01UM.

Remark 17.2.1. In basically the same way, we define Q)l( /s for a map of schemes X — S. The resulting
sheaf is always quasi-coherent, and is coherent if S is locally noetherian and X — S is locally of finite

type.
Proposition 17.2.2. A variety X is smooth if and only if Q% is locally free.

Proof. The key point of the argument is that the fiber Q) (x) at a point x € X is isomorphic to the
Zariski cotangent space ,/2 of the local ring Ox . Assuming this, X is smooth iff the dimension of
+/2 = QL (x) is constant, which happens precisely when Q/ is locally free. To see the claim (which we’ve
already seen in some other form), we note that for a k-vector space V, considered as an Oy ,-module via
Ox x — Ox x/my = k, k-linear maps m,/ m)% — V correspond to k-linear derivations Oy y — V. Thus the
k-vector spaces Q% (x) and m,/m2 represent the same functor and hence are isomorphic. O
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https://stacks.math.columbia.edu/tag/00RU
https://stacks.math.columbia.edu/tag/00RW

Our first (non-affine) example is the projective space.
Theorem 17.2.3 (Euler sequence). On X = P, there is a short exact sequence of coherent sheaves

(X(),...,X”)

0 Ql, O(—1)"*! O 0.

Proof. The key point behind the construction of the left map in the sequence is that for a homogeneous
f of degree d, the partial derivatives d f/dx; are homogeneous of degree d — 1. Fori =0,...,n we define
a k-linear derivation d;: Opn — Opn(—1) as follows. For an open U C P" of the form U = D(f) for a
homogeneous f € k|[x,...,x,| of degree d, we have

OWU) = klxo, ..., xa] [f o

and we define 9;(g/f™) (where g € k[xo, . ..,Xu|ma) by the standard formula

_atggmy _ (5)7-ms ()
()4

8x,~ fm ’
which is a homogeneous element of k[xo, ..., x,][f '] of degree —1, i.e. an element of ['(U, Op»(—1)). It
is trivial to check that these maps glue compatibly and that they give rise to a k-linear derivation.
Taken together, the maps d; give a k-linear derivation Op» — Ops(—1)""!, and hence a map of coher-
ent sheaves
Qb — Opa(—1)"

In order to check the exactness of the resulting sequence, it suffices to check on the standard opens. On
Uy = D(xo), the sequence takes the form

D k1, ynldyi ——=k[y1,..., ynleo DB k[y1,- - -, ynlei —=Kk[y1, ...,y

where the first map sends dy; to e; — x;ep and the second sends ey +— 1 and e; — x; for i > 0. The
image of the first and the image of the second are both equal to the set of foeo + Yi; fie; satisfying
fo=—Y",xifi. The rest is clear. O

Proposition 17.2.4 (Conormal sequence). Let X be a smooth variety and let Y C X be a smooth divisor
(codimension one subvariety). Then Jy ~ Ox(—Y ), and we have a short exact sequence

00— O0x(=Y)|y Qlly Q) 0.

Proof. Without injectivity on the left, this is the global version of the conormal sequence for Kéhler
differentials (see Proposition 17.1.1(d)). In order to check that the left map is injective, it is enough to
check it on fibers at all y € Y. Let f € Oy , be a local generator of Jy. Then f € m, \ mg, and hence its
image in Q} |y (y) = QL (y) = my/m§ is nonzero. O

17.3. The canonical bundle

Definition 17.3.1. Let X be a smooth algebraic variety.

(a) For p > 0 we define Q§ to be the p-th exterior power of Q}(. (By convention, 99( = Ox.) We call
QF the sheaf of differential p-forms.

(b) We call the dual Hom(Qk,O0x) = (Qk)" the tangent sheaf of X and denote it by T.

(c) Suppose that dim(X) = n. Then wx = QF is an invertible sheaf, called the canonical sheaf of X.
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In the special case when X is a curve, we have oy = Q}.

The computation of @y using various short exact sequences is enabled by the following linear algebra
fact. For a locally free Ox-module € on a ringed space X, let us define det(€) = A\"(E) where r = tk(&).
Thus @y = det(Q}).

Lemma 17.3.2. Let 0 — & — F — G — 0 be a sequence of locally free sheaves on a ringed space X.
Then
det(F) ~ det(&) @ det(9).

Proof. If X is a point and O(X) is a field, this lemma postulates an isomorphism between two one-
dimensional vector spaces. If we want to globalize this, we need a canonical such isomorphism which
would also work for free modules over a ring. Intuitively, the assertion is that choosing a volume form
on a vector space is equivalent to choosing one on a subspace and on the quotient space, a Fubini-type
result.

If uy,-,u, is a basis of € and wy,...,w, a basis of G, then u = u; A--- Au, and w=wy A--- Awg are
basis elements of det(€) and det(G), respectively. Further, if vy, ...,v, € F are elements lifting wy, ..., w,,
then uy,...,ue,v1,...,v, is a basis of F and v =wuy A--- Aue Avi A--- Av, is a basis of det(F). The

postulated isomorphism maps u @ w to v. We check that different choices lead to the same isomorphism.
» are different choices of bases, then ' = det(A)u and w' = det(B)w where
A and B are the respective change of base matrices. At the same time, we have v/ = det(C)v where C

/

is a change of base matrix from ui,...,ue,v1,...,vg to uy,... u,,V,..., v, for some lifts v},...,v, of
/

Wisenes W;- The matrix C has a block-triangular form

A x
[
and hence det(C) = det(A) - det(B). The exact same calculation works for a short exact sequence of free

modules over a commutative ring.
For the globalization step, consider the diagram

/ / /
If uy,...,u, and wi,...,w

NERNTF
TN
NERNSS NTETF
det(&) ®det(9) > det(F).

The left arrow is the identity of A€ tensored with the surjection A*F — A® G and hence is surjective.
The right arrow is given by exterior multiplication. We claim that there exists a unique dotted arrow
making the diagram commute, and that it is an isomorphism. Uniqueness is clear (since the left map
is surjecive), and then existence (and being an isomorphism) can be checked locally. We may therefore
assume that &, F, and § are free, in which case we can use the preceding discussion. O

Example 17.3.3 (The canonical sheaf of P""). Let us compute wp- using the Euler sequence. Lemma 17.3.2
immediately yields

wpr = det(QL,) = det(Op: (—1)"™) @ det(Op:) ' = Opn(—n—1).

Example 17.3.4 (Adjunction formula). Let Y be a smooth divisor on a smooth variety X. Then the
conormal sequence gives

wy = det(Q)) = det(QL]y) @ det(Ox (—Y)|y) ' = x|y ® Ox (¥)|y = ox (Y)]y.
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For example, for a degree d plane curve Y C P2, the canonical sheaf is
@y ~ Op2(d —3)|y.

For d = 3 this gives @y ~ Oy.

17.4. Serre duality
For now, we simply state the Serre duality theorem for curves.
Theorem 17.4.1 (Serre duality). Let X be a smooth projective curve.

(a) There is a canonical isomorphism H' (X, wx) ~ k.

(b) For every invertible sheaf £ on X, the bilinear map

H(X, LV @ wx) x H(X,L) =Hom(L,mx) x H (X, L) — H' (X, wx) ~ k
(defined by functoriality of H' (X, —)) is a perfect pairing, i.e. it gives an isomorphism
H' (X,£)~H' (X, L '@ wx)".
Definition 17.4.2. Let X be a smooth projective curve. We define its genus as the number
g(X) =dimH(X, wx) = dimH"' (X, Ox).

Example 17.4.3. For a plane curve Y C P? of degree d, we have g(Y) = (d —1)(d —2)/2.

17.5. Problem session (Apr 7)
During the problem session:

1. We discussed Serre’s theorem (every coherent sheaf on P" is a quotient of O(—d)™ for some d and
m) and how it implies that H?(X,J) is finite dimensional for a coherent sheaf I on a projective
variety X. (This is covered in detail in the last section of Lecture 16.) We mentioned the fact
(Hilbert’s syzygy theorem) that every I on P" admits a finite resolution by direct sums of O(d;)’s.

2. This let us to define the Euler characteristic of a coherent sheaf J on a projective variety X as

oo

x(F) =) (-1)7dimHI(X,F).
q=0

We showed that if 0 - ¥ — F — F” — 0 is a short exact sequence of coherent sheaves then
2(F) = 2(F) +x(5).
Using the formulas from Lecture 16, we calculated x(Opn(d)) explicitly as

2(Ope(d)) = (”;d> _(d+1)(d+2)...(d+n)

n!

We deduced from this and from the syzygy theorem that x(F(d)) is a polynomial in d (for any
coherent sheaf F on P"). Here F(d) := F® O(d).

3. By adapting the proof of the finite dimensionality in (1) (namely, descending induction on g) we
showed that for a coherent sheaf F on P", the groups H4(P",F(d)) are zero for ¢ > 0 and d > 0.

4. We defined Q)q(, Ty, and wy (see Definition 17.3.1) and covered the rest of §17.3.
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18. Lecture 18 (Apr 9): Riemann-Roch

Recommended reading: Hartshorne IV 1, Kempf §7-8

18.1. Basic facts about curves

Let C be a smooth and complete one-dimensional variety and let k(C) be its function field.
(1) Every rational map from C to a projective (or just complete) variety X is everywhere defined.
(2) We have k(C) = Hom(C,P').

(3) Every map f: C — C’ to another smooth complete curve is either constant or finite. In the latter
case, f.Oc is locally free of rank d = deg(f) = [k(C) : k(C")], and for every divisor D on C" we

have deg(f*D) = deg(f) - deg(D).

(4) The curve C is projective (Sketch of proof: a non-constant f € k(C) gives a finite map f: C — P!,
Let L= f*O(1) and consider the graded ring R = 9,50 H’(C,L") = @, H*(P', (f.Oc)(n)). We
can show it is finitely generated, and so R = k[xo, ..., x,]/I, C=V(I) CP".)

(5) For a non-constant f € k(C) corresponding to a finite map f: C — P!, we have div(f) = f*((0) —

())-

(6) The degree of every principal divisor on C is zero. (This follows from (3) and (5).)

18.2. The Riemann-Roch theorem

Let C be a smooth projective curve. We introduce the following notation and terminology:
* (D) =dimH’(C,0¢(D)) = dim{f € k(C) : div(f) > —D};
* K is any divisor for which O¢(K) ~ wx (a canonical divisor);
* g =/((K¢) is the genus of C;

» for a coherent sheaf F on C we write x(F) = dimH°(C,F) —dimH'(C, ) for its Euler charac-
teristic.

Theorem 18.2.1. Let C be a smooth projective curve and D a divisor on C. Then
{(D)—4(K—D)=deg(D)+1—g.
Proof. Denote the left-hand side by LHS(D) and the right-hand side by RHS(D). By Serre duality:

LHS(D) = dimH°(C,0¢(D)) — dimH(X,0¢(D)" ® )
= dimH*(C,0¢(D)) —dimH' (C,0¢(D))"
= x(0c(D)).

For a point P € C consider D' = D + P. We have a short exact sequence
0——0¢(D) ——= O¢(D') —=kp——0
where kp is the skyscraper sheaf at P. From this we get

LHS(D') = x(0c(D")) = x(0c(D)) + x (kp) = LHS(D) + 1,
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and at the same time obviously
RHS(D') = RHS(D) + 1.

Thus the assertion holds for D if and only if it holds for D’. By induction, it suffices to verify the formula
for D=0:
LHS(0) = ¢(0) — ¢(K) = 1— g =RHS(0). O

Corollary 18.2.2. We have deg(mwc) =2g — 2.
Corollary 18.2.3. We have ¢(D) > deg(D) + 1 — g, with equality if deg(D) > 2g — 2.
Corollary 18.2.4. Every proper open subset U C X is affine.

Proof. Consider first the case U = X \ {P} for a single point P. Then ¢(nP) > 1 for n > 0, so we can
find a non-constant rational function f € k(C) with div(f) > —nP. Thus f has a pole at P and no other
poles, and hence the corresponding finite map f: C — P! satisfies f~!(c0) = {P}, so U = f~1(Al!) is
affine.

For the general case, write U = X \ {Py,...,P,}, and for each i = 1,...,r let f; be a rational function
constructed above for P = P,. Take f = fi + -+ f», then f has poles precisely at Py, ..., P, so again for
the corresponding map f: C — P! we have U = f~!(Al). O

18.3. Curves of genus zero (a.k.a. rational curves)

Lemma 18.3.1. Let C be a smooth projective curve. The following are equivalent:
(a) g(C)=0;
(b) there exist P,Q € C with P # Q and P ~ Q (meaning that P — Q is a nonzero principal divisor);
(c) C~P.

Proof. (a)=-(b): By Riemann-Roch, we have /(P — Q) = 1, so that P — Q ~ D for an effective divisor
D. But deg(D) =0, so D =0.

(b)=(c): Suppose that P — Q = div(f) and let f: C — P! be the corresponding finite map. Then
QO = f*(e0) and hence deg(f) = 1, so that f is an isomorphism.

(c)=(a): We computed that @p1 ~ Opi (—2), so g =¢(K) = 0. O

18.4. Curves of genus one (a.k.a. elliptic curves)

Definition 18.4.1. An elliptic curve is a pair (E,0) where E is a smooth projective curve of genus one
and 0 € E is a point.

Lemma 18.4.2. Let E be an elliptic curve. We have wg ~ Of.
Proof. We have deg(wg) =2g—2 =0and dimH’(E,wg) = g = 1, so that wg ~ O. O

Lemma 18.4.3. Let Pic’(E) C Pic(E) be the subgroup consisting of divisor classes of degree zero. The
map E — Pic’(E) mapping P € E to the class of P — 0 is bijective.

Proof. Injectivity follows from Lemma 18.3.1. For surjectivity, let D =) n;P; be a divisor of degree
zero, which we rewrite as

D=Y ni(P—0)+ ()} n)0=) ni(P—0).

By induction on the number of terms, it suffices to show that for every P,Q € E there exists a (unique)
R € P such that
(P—0)+(Q—0)~ (R-0).
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By Riemann-Roch, we have /(D) = deg(D) as long as deg(D) > 0. Apply thisto D=P+Q—0
to get /(P+ Q —0) = 1. Thus there exists a unique effective divisor R with P+ Q —0 ~ R. Since
deg(R) = deg(P+ Q —0) = 1, this divisor R is a point, and we are done. O

Corollary 18.4.4. There is a natural structure of a commutative group variety on E with neutral element
0.

(Technically we did not show that the group structure £ X E — E is a morphism of varieties.)

More facts about elliptic curves (assuming & is not of characteristic 2 or 3): There exists a finite map
E — P! of degree two, ramified at four points, which after a change of coordinates on P! can be taken to
be 0,1,00, 4. The curve is then isomorphic to the plane curve

¥z =x(x —2)(x — 12),
where the point 0 is sent to (0 : 1: 0). For three points P,Q,R € E, we have P+ Q+ R = 0 in the group
structure on E if and only if there exists a line £ C P? such that P? = P+ Q + R as divisors.
18.5. Bonus: proof of Serre duality

We shall outline Kempf’s ingenious proof of Serre duality for curves. As we have seen in both the proof
of Riemann—Roch and in its applications, important information about an invertible sheaf £ on a smooth
projective curve C is encoded by the boundary map

Sp: k— H'(C, L)

induced by the exact sequence

0 L L(P) kp 0

for a chosen point P € C: the map Jp is zero if and only if there is a section of £ (P) which is not a section
of £. The idea behind the proof is to consider all of these maps at the same time as the point P varies.
As we shall see, taken together they assemble into a map of vector bundles on C.

In order to state this precisely, we first need an important correction: the quotient £(P)/L is only
non-canonically isomorphic to the skyscraper kp at P; rather, it is the skyscraper at P with value the fiber
of £L(P) at P3. For example, for £ = Oc, this quotient is m;l /Oc p; this space is dual to mp/ m%,, which
is the fiber of @¢ at P. In general, it will be this tensored with £. So it makes sense to expect that there
exists a map of locally free sheaves on C of the form

§: Loay' — H'(C,L)® Oc;

whose fiber at P is the map 8p. Here the source can be identified with Hom (¢, L) and the target is the
free sheaf with fiber H'(C, £). In particular, if £ = ¢, the map & produces an element T of

H(C,H'(C,0¢) @ O¢c) = H(C,0¢) @ H (C,0c) = H' (C, ).

This turns out to be a basis element (i.e. the map 0 for £ = @c is an isomorphism), yielding the isomor-
phism H'!(C, wc) 2 k which is part of the formulation of Serre duality.

We relegate the definition of the map 8 to the next subsection (see Proposition 18.6.1). Here we show
how to complete the proof of Serre duality assuming its existence.

We begin with some preliminaries about cohomology of invertible sheaves on curves.

8Warning: by accident, this fiber should be denoted by £(P)(P). Since we are on a curve, a point can be considered a
divisor, and so two notational conventions are in conflict: F(x) = Fx ®¢,  k(x) for the fiber of a coherent sheaf J at a point
x € X, and £L(D) =L ® Ox(D) for an invertible sheaf £ and a divisor D on X.
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Lemma 18.5.1. Let £ be an invertible sheaf on a smooth projective curve C, and let D be a divisor on C
for which £ ~ Ox (D). Having made this choice, we regard L as a subsheaf of the constant sheaf K.

(a) The exact sequence

0 L Kc Kec/L—0 (18.5.1)

is a flabby resolution of L.

(b) Consequently, we have
H'(C, L) ~ coker (k(C) — I'(C,Xc/L)).

(c) The group H'(C,L) is zero if and only if, for every effective divisor E and every P € C we have

dimI(C, L(E +P)) = dimI(C,L(E)) + 1. (18.5.2)

Proof. (a) The sheaf K¢ is the constant sheaf with value k(C), and hence is flabby as C is irreducible.
On the other hand, we can write
Ke =lim L(E),
E>0

and hence K¢ /L = ligEN)L(E )/ L (by exactness of direct limits). Now each quotient sheaf £(E)/L is
a direct sum of skyscraper sheaves, and hence is flabby. Since C is noetherian, taking sections commutes
with direct limits of sheaves, and we conclude that K¢ /£ is flabby. In fact, it is isomorphic to the direct
sum of the skyscraper sheaves k(C)/Lp atall P € C.

(b) Follows from (a) by Lecture 15, Lemma 15.2.2(b).

(c) The condition is equivalent to the claim that

dimI'(C,L(E)) =dimI'(C,L)+degE for all E > 0. (18.5.3)
The exact sequence (18.5.1) is the inductive limit of the sequences
0——=L——=L(E)——=L(E)/L——0. (18.5.4)

Our is thus equivalent to the statement that these sequences remain exact after taking global sections.
Taking inductive limits is exact, so condition (18.5.3) implies that the exact sequence (18.5.1) is exact
after applying global sections, which means precisely that H'(C,£) = 0. Conversely, if H'(C,£) =0,
then the cohomology exact sequence associated to (18.5.4) shows that I'(C,£L(E)) — I'(C,L(E)/L) is
surjective, as desired. O

Lemma 18.5.2. Let Py, ..., P, be distinct points on C and let £ be an invertible sheaf. Then the boundary
map k" — H'(C, L) induced by the sequence

0——>L—>L(Pi+4P) —>@_ kp —=0 (18.5.5)

equals the direct sum of the maps 8p,, ..., Op..

r

Proof. For every effective divisor E, we can regard I'(C,£L(E)/£) as a subspace of I'(C,X¢/L), and
then 8 : I'(C,L(E)/L) — H'(C,L) is the restriction of the surjection §: I'(C,X¢/L) — H'(C,L) to
that subspace. In the situation at hand, if E = P; + - -- + P, the subspace I'(C,L(E)/L) CT(C,X¢/L)
is the direct sum of the one-dimensional subspaces I'(C,L(P;)/L) fori=1,...,r. O

The very existence of the map & has an important consequence.

Corollary 18.5.3. Ifdeg(L) > deg(wc) then H'(C,L) = 0.
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Proof. The assumption implies that £ ® @ ! has positive degree, and hence there are no nonzero maps
L® o ' O¢. Consequently, the map & for £ is zero (as the target is non-canonically the direct sum
of copies of O¢). Therefore (P) = &p is zero for all P € C. The same argument applies to £ (D) for any
effective divisor D. By Lemma 18.5.1(c), this implies that H'(C,£) = 0. O

Corollary 18.5.4. The map & for L = w¢ gives an isomorphism O¢c = O¢c ® cogl =~ HY(C,ac) ®1 Oc.
Consequently, H' (C, o) is canonically isomorphic to k.

Proof. Consider the set of integers d for which there exists an invertible sheaf £ of degree d with
H'(C,L) # 0. By Corollary 18.5.3, the set is also bounded from above. We can therefore find an
invertible sheaf £ with H'(C,£) # 0 such that deg(£) is maximal (if H'(C,£) = 0 for all £ (a case
which never happens and is easily ruled out), take any £ in what follows). Then H'(C,£(P)) = 0 for
every P € C, and consequently Jp # O for every P. It follows that the map 6 : L ® wgl — H'(C,L)®,O¢
is an isomorphism: the invertible sheaf £ ® @, !'is isomorphic to the free sheaf H'(C, L) ®; Oc. Then
L ~ wc, H'(C,L) is one-dimensional, and (taking £ = @) that we have a canonical isomorphism
H'(C,ac) ~ k. O

Since H(C,0c¢) = k, for any two vector spaces V and W we have Hom(V,W) =% Hom(V ®;
Oc,W ®; O¢). Thus to prove Serre duality, we want to show that the map

o: Hom(’cva) —>H0m(H1(C7£’) ®kOC>H1(C>wC) ®koC)7 ¢ HH]((P)@I

By naturality of the map &, for a map ¢: £ — @¢, we have a commutative square

Lo —2=H'(C,L) & Oc
¢®1l lH'((]))@l

oc® o' —=H'(C,oc) ®; Oc.

Since the bottom map is an isomorphism, we can treat the left map ¢ ® 1 as the (pre)composition of the
right map H'(¢) ® 1 with §. We thus have a candidate for an inverse to ¢, namely

B: Hom(H'(C,£L),H"(C,0)) — Hom(L® 0", 0c® o) =Hom(L,ac), v ((y®1)o8)®ac.

We have just observed that the composition 8 o « is the identity, in particular ¢ is injective.
To finish, it suffices to show § is injective. Suppose w: H!(C,L) — H'(C, wc) is such that (y ®
1) o6 = 0. This means that 6p o y = 0 for every P € C. Therefore it remains to show the following:

Lemma 18.5.5. The space H'(C, L) is spanned by the images of Sp for all P € C.

Proof. For distinct points P, ...,P., Lemma 18.5.2 implies that the sum of the images of 6p,...,0p.
equals the image of the boundary map for (18.5.5), which is the kernel of the next map

H'(C,L) — HY(C,L(P +---+P))).

It therefore suffices to find Py, ..., P, for which the latter group is zero. By Corollary 18.5.3, this will be
the case as long as r > deg(m¢) — deg(L). O
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18.6. Construction of the map §

In order to make sense of £ (P) for a varying P € C, we make use of the diagonal A C C x C, which is a
divisor on the smooth projective surface C x C. Let p,q: C x C — C be the two projections

and consider the invertible sheaf ¢* £ and its twist ¢* L (A) = ¢*£ ® Ocxc(A). The restriction of the latter
to p~!(P) = {P} xC~Cis £L(P). On C x C, we have the short exact sequence

0 gL q*L(A) —q*L(A)[p —0.

Recall that (identifying the diagonal A with C via p) we have
0c = Ja/3x = 3ala = Ocxc(—A)|a

and hence the rightmost sheaf ¢g*£(A)| is identified with A, (£ ® @g"'), which is the source of our
postulated map &.

In order to construct 8, we need to consider “cohomology in a family,” i.e. the derived functors R p,
of the first projection p: C x C — C. They are defined in the same way as cohomology (say, using flabby
resolutions), but replacing global sections with p,(—), and turn short exact sequences on the source C x C
into long exact sequences of sheaves on the target C. In particular, we get the boundary map

§: Loz =pp L(A)a) — R'p.p*L.
As we shall see, the target is H' (C, L) ®; Oc, and the fiber of § at P € C is Op.

Proposition 18.6.1. There is a functorial way of associating, to every invertible sheaf £ on C, a map of
coherent sheaves
§: Lea;' — H'(C,L)® Oc

such that for every P € C we have a commutative square

(L@ oz)(P) 2 (H(C, £) @4 Oc) (P)

:

k H'(C,L).
3

(In words: the fiber of § at P is Sp, up to a choice of basis of (L ® a)c“ )(P).)

Proof. As we have mentioned, this follows from the general machinery of higher direct images. Let us
construct the map by hand. Let C = Uy U U; be an affine open cover of C and let Uy; = Ug N U; (which
is also affine). (As we have seen, any non-constant rational function on C gives a finite map f: C — P!,
and we can take Uy = C\ f~!(c0) and U; = C\ ~1(0).) As in the construction of the Cech complex, the
inclusions j;: C x U; — C x C are affine, and for a coherent sheaf F on C x C, we have an exact sequence
of quasi-coherent sheaves

missing formula
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Applying p. we obtain a complex of sheaves on C, exact on the left

0 p-F p«CY(F) — p.C'(F) —=0

Moreover, for any affine open U C C, the restriction of the above sequence to U is the (complex of
sheaves associated to) the Cech complex of F |uxc and the open cover of U x C by U x U;.
Applying this to the terms of the short exact sequence

0—=q'L—=q*'L(A) —=A(L@ey") —=0

we obtain an exact diagram of the form

0 0 0
0 P+q* L pC (g L) ———— p.C (¢*L)
0—— p.q*L(A) pCOq*L(A)) pCH(q*L(A))

0 pAL B ) — pCB(L Do) — p.C (AL ")

0 0

(the two rightmost columns are exact since the compositions p o j; are affine). Snake lemma yields a map
§: Loay' =pA(L@ag") — coker(B).

On any affine U C C, the top row is the Cech complex of £ tensored with O(U). Thus coker(f) ~
H'(C,L)®; Oc, and we obtain the desired map

§: Loa;'=pALoa;’) — H'(C,L)® Oc.

Clearly, the construction is functorial in £. (Technically speaking, we have not checked that it is also
independent of the choice of the open cover.)

For a point P € C, we make a further pull-back of this diagram to P. The columns remain exact
since the stalks of modules on the bottom at P are torsion-free and hence flat. Moreover, we have
coker(f3)(P) = coker(B(P)). Finally, we need to argue that ker(y)(P) = ker(y(P)). Since the bottom
row is simply the sheafy Cech complex of £ ® ", the map ¥ is surjective. Since its target again is a
flat Oc-module, we can argue as for the left-exactness of the columns. The outcome of this analysis is
that we have a commutative square

(Loaz")(P) 2o (HY(C,L) @4 Oc)(P)

Nl lN

k H'(C,L)
&

as desired. O
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19. Lecture 19 (Apr 14): More projective tools

Our next big goal is to develop intersection theory on surfaces. For this, we need two more tools: the
notion of an ample line bundle and the Bertini theorem on hyperplane sections. A

Recommended reading: Hartshorne I1 7 and V 1, Kempf §10.9.

19.1. Line bundles and maps to projective space

Let J be a coherent sheaf on a projective variety X. Then the vector space I'(X, F) is finite-dimensional,
and we can make it into a free Ox-module I'(X,F) ®; Ox. We have a canonical map

n:T'X, )@ 0x —F (19.1.1)
which on an open U C X is the map
sf = f-(sly) : TX,F)xO0x(U)— FU).
(If we denote by p the unique map X — * to the point, then this map is simply the counit p*p.F — F.)

Definition 19.1.1. We say that a coherent sheaf J on a projective variety X is globally generated if the
map (19.1.1) is surjective.

We note right away that J is globally generated if and only if it is a quotient of O% for some n > 0.
In particular, if F is globally generated and F — F is surjective, then F” is globally generated.

Examples 19.1.2. 1. A free sheaf OY is globally generated;
2. For every closed Z C X, the sheaf Oz = Oy /Jz is globally generated.
3. If ¥ and F are globally generated, then so is F ® F'. This follows from right-exactness of ®.

4. Aninvertible sheaf £ is globally generated if and only if for every x € X there exits an s € H(X, L)
with s(x) # 0. A point x € X such that s(x) = 0 for all s € H(X, £) is called a base point, and we
sometimes call a globally generated invertible sheaf base-point free.

5. For £ =0(1) on X = P", the map (19.1.1) is
(X0, -3 Xn): Ot — Opn(1) (19.1.2)
(as we have seen already, it is surjective, with kernel QL. (1)).

6. Serre’s theorem (Lecture 16, Theorem 16.2.5 and Remark 16.2.6) is equivalent to the statement
that for every coherent sheaf F on P” the sheaf F(d) := F ® O(d) is globally generated for d > 0.

The following lemma describes the universal property of P"*. In its statement we use the following
terminology: for a coherent sheaf F on a variety X, an invertible sheaf quotient of J is a surjection
F — L onto an invertible sheaf £, where we deem ¢: F — £ and ¢': F — L’ equal if ker(¢) = ker(¢')
(or equivalently if £ ~ £’ under F). With this convention, invertible sheaf quotients of F form a set.
Equation (19.1.2) exhibits a particular invertible sheaf quotient of F = (f);’(+l on X = P". For any map
f:Y — X, the right-exactness of f* shows that f* maps invertible sheaf quotients of & to invertible sheaf
quotients of f*J.

Lemma 19.1.3. For any algebraic set (or scheme) X, the map
Hom(X,P") =% {invertible sheaf quotients of %'}, (f: X = P")— f7((19.1.2)).

is bijective.
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Before giving the proof, let us discuss the intuition behind this result. For this, it is better to formulate
it in a coordinate-free manner. Let V ~ k"*! be a k-vector space of dimension 7+ 1. Then

PV = (V\ {0})/k* ~P"

parametrizes lines (one-dimensional linear subspaces) in V. We have I'(PV,0(1)) = V"V, and PVV
parametrizes hyperplanes in V, or equivalently one-dimensional quotients of V. A correctly defined
“family of one-dimensional quotients of V parametrized by X is precisely an invertible sheaf quotient
of the free Ox-module V ®; Oy, and thus such quotients should be in bijection with maps X — PVV.

Proof. Let us describe the inverse map (details left to the reader). Let s = (so,...,8,): (f)?(+1 — Lbea
surjective map, where s; € I'(X,£). If U; = D(s;) = {x € X : si(x) # 0}, then surjectivity of s means
that X = (JU;. On U, the section s; trivializes £, meaning that s;|y,: Oy, — L[y, is an isomorphism.
Accordingly, there exist unique x; /i € Oy, such that s; = x; /isi on Uj (we have x; /i = 1). The elements
x;; for a fixed i induce a morphism f;: U; — D(x;) € P". Tt is then straightforward to check that the
maps f; agree on the overlaps, producing a map f: X — P", that £L ~ f*O(1), and s; = f*(x;). O

Let us reformulate what we have learned in terms of divisors. The upshot of the above lemma is that
for a globally generated invertible sheaf £ on a smooth projective variety X we get a map

oc: X —PVY,  V=H'(X,L).

It maps a point x € X to the hyperplane in V defined as the kernel of the “evaluation at x” map H%(X, L) —
L (x) ~ k (which is a hyperplane precisely because £ is globally generated).

On the other hand, since invertible sheaves correspond to linear equivalence classes of divisors (di-
visors modulo principal ones) we have a bijection

PV ={D>0:L~0x(D)}

with the set of effective divisors in the linear equivalence class £. This bijection identifies a nonzero
s € H(X, L) (up to scaling) with the effective divisor D = V (s). Thus the map ¢ maps a point x € X to
the set of those effective divisors D linearly equivalent to £ which contain x in their support. (Compare
this with the discussion at the beginning of [Hartshorne, II 6].)

19.2. Ample invertible sheaves

In algebraic geometry of the French tradition, one often turns theorems into definitions. We define an in-
vertible sheaf to be ample if it satisfies the assertion of Serre’s theorem (Lecture 16, Theorem 16.2.5+Re-
mark 16.2.6).

Definition 19.2.1. Let £ be an invertible sheaf on a projective variety X.

(a) We say that £ is ample if for every coherent sheaf & on X there exists an ng such that F @ L" is
globally generated for n > nyg.

(b) We say that £ is very ample if there exists a closed immersion i: X < P”" for some n > 0 such
that £ ~ *O(1).

Remark 19.2.2. Now is as good time to review our notational conventions since they might be confusing.

* The direct sum of n > 1 copies of a coherent sheaf J is denoted by J”. When we want to be more
precise, we write F¥" for the same thing.

* ...unless the coherent sheaf is an invertible sheaf £, in which case £" typically means the tensor
power £L®" (defined for all n € Z with the usual convention £~ = (L£V)").
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» ...unless the invertible sheaf is the trivial sheaf Oy, in which case O} again means O%".
* For a divisor D and a coherent sheaf F we denote by F(D) the tensor product F @ Ox (D).

» Sometimes we denote a chosen ample line bundle by O(1) (without referencing an ambient pro-
jective space), and then we write F(n) for F @ O(1)".

» We say that a divisor D is globally generated or ample if the corresponding invertible sheaf Ox (D)
has that property.

The following lemma gathers some basic facts about ample and very ample invertible sheaves.

Lemma 19.2.3. Let £ be an invertible sheaf on a projective variety X.

(a) If L is very ample, then it is ample.

(b) If L is (very) ample, then L" is (very) ample for every n > 1.

(c) If L" is ample for some n > 1, then L is ample.

(d) If f: Y — X is a finite morphism and L is ample, then f*L is ample.

(e) If £ is ample, then for every invertible sheaf M on X, the sheaf L" @ M is ample for n >> Q.

(f) If £ is (very) ample and M is globally generated, then L Q@ M is (very) ample.

Proof. (a) This is Serre’s theorem.

(b) For “ample” this is obvious and for “very ample” it suffices to consider the case X = P™ and
L = 0O(1) (the “Veronese embedding”).

(c) Suppose £" is ample and let F be a coherent sheaf. Consider the sheaves F® £ fori=0,...,n—
1. Then for m > 0 each T ® L' ® L™ will be globally generated, and the assertion follows by writing
arbitrary integers as mn +1i with i < n.

(d) Let F be a coherent sheaf on Y. Then f.F is a coherent sheaf on X, and hence for n > 0 the sheaf
(f+F) @ L" is globally generated. On the other hand, we have an isomorphism (“projection formula™)

(fF)@L" = fu(Fe (L)),

and we want F ® (f*L)" to be globally generated. To finish we observe (renaming the sheaf) that if f,.F
is globally generated then so is F. Indeed, suppose we have a surjection 0§ — f.J, then by adjunction
we obtain a map Oy = f*(0%) — F, which is again surjective.

(e), (f) Omitted. L]

Theorem 19.2.4 (Hartshorne II 7.6 + Exercise II 7.5(e)). Let £ be an invertible sheaf on a projective
variety X. If £ is ample, then L™ is very ample for n > 0.

Corollary 19.2.5. If £ is ample, then for every coherent sheaf F on X there exists an ng such that for all
n > ny we have H4(X,F ® L") = 0 for g > 0.

Proof. 1If L is very ample, this follows from the case X = P" and £ = O(1) handled previously (Lecture
17, 17.5.3). For the general case, suppose that £™ is very ample by the previous theorem, then apply the
very ample case to the sheaves F®@ L' fori =0,...,m— 1. U
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19.3. Hyperplane sections and Bertini

Let £ be a very ample invertible sheaf on X, let s € I'(X, £) be a nonzero section, and let Y = V(s)
be its zero locus (considered as an effective divisor). If i: X < P” is a closed immersion for which
L ~i*O(1), and if s is the image of an element (linear form) ¢ € T'(P",O(1)), then Y = X N H for a
hyperplane H =V (¢) C P". This is why the zero sets of sections of (very) ample line bundles are called
hyperplane sections.

Theorem 19.3.1 (Bertini). Let X C PV (where V ~ k") be a smooth projective variety of dimension d.
Then there exists a dense open U C PV such that for every hyperplane H € U the intersection HNX is
smooth of dimension d — 1.

Proof. The key point is that H N X is a smooth divisor in a neighborhood of a point x € H NX if and only
if H does not contain the tangent space 7,.X. Consider the set of “bad pairs”

Z={(x,H) eXxPV" : T.X CH},

a closed subset of X x PVV. Then the assertion holds for H € PV" if and only if H ¢ g(Z) where
q: Z — PV is the projection (x,H) — H. The subset g(Z) C PV" is closed (since X is complete, so that
q is a closed map), and the desired open U will be its complement. Thus, we must show that ¢(Z) is not
the whole of PVV.

We will prove that g(Z) # PV" by showing that dim(Z) < n = dimPV". To this end, consider the
other projection p: Z — X given by (x,H) — x. The fiber of p above x € X is the set of hyperplanes
in PV ~ P" containing the d-dimensional linear subspace 7,X. It can be identified with the set of hy-
perplanes in the quotient space V /C(T,X) where C(T,X) is the cone over T,X, a linear subspace of V
of dimension d + 1. Thus the fiber p~!(x) can be identified with P(V /C(TX))" ~ P"~¢~!, which has
dimension n —d — 1. Consequently, we have

dim(Z) = dim(X) + dim(general fiber of p)=d+ (n—d—1)=n—1<n. O

Corollary 19.3.2. Let £ be an invertible sheaf on a smooth projective variety X. Then there exist smooth
prime divisors D1,...,D,,E,...,E;on X such that D;N\D; =0 = E;NE; for i # j such that

L~ Ox((Dy+-+Dy) — (Ey +--- +Ey)).

Remark 19.3.3. We can choose the Dy,...,D, and E},...,E; to be ample and if dim(X) > 2 we will
have r =s = 1.

Proof. Let M be a very ample invertible sheaf. Choose n > 0 such that both M" and M" ® £ are
very ample (cf. Lemma 19.2.3(e)). By Bertini (Theorem 19.3.1) we can find s € H*(X,M" ® £) and
t € H°(X,M") such that D = V(s) and E = V(t) are smooth. Then M" ® £ ~ Ox (D) and M" ~ Ox(E),
sothat L ~ Ox(D—E). O]

19.4. Intersections on surfaces

Let X be a smooth projective surface and let C and D be two divisors on X. Our goal is to associate to
this pair an integer (C.D) called the intersection number. Our basic requirement is that if C and D are
distinct prime divisors (so that CN D is a finite set), then (C.D) is the number of points in the intersection,
counted with appropriate multiplicity:

(C.D)=Y i(C,Dix),  i(C,D;x)=dim;Ox/(Jcx+Ipx)-
xeCND

We also want (C.D) to be bilinear and symmetric, and to depend only on the linear equivalence classes
of C and D.
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Suppose that C and D are smooth prime divisors intersecting transversally (meaning that their tangent
lines T,C,T,D C T X are distinct), meaning that i(C,D;x) = 1 for every x € CND. (We make this
assumption in order for CN D to be reduced, so that we can avoid talking about schemes.) The trick
to extending (C.D) to arbitrary divisors is to regard #(C N D) as the Euler characteristic x(Ocnp) (the
higher cohomology groups of Ocnp are zero). In this case we have an exact sequence (a special case of
a “Koszul complex”)’

0—— OX(—C—D) —_— Ox(—C) D Ox(—D) ——0Ox ——=0cnp ——0
(recall that J¢ = Ox(—C) and Ip = Ox(—D)), from which we infer that
(C.D) = x(Ocrp) = 2(0x) — x(0x(=C)) — 2(0x(—D)) + 2 (0x (=C — D)).

The same argument (now with multiplicities taken into account) applies to an arbitrary pair of curves C
and D without common components (this ensures the exactness of the Koszul complex on the left). This
motivates the following definition (cf. Kempf §10.9, Hartshorne V Ex. 1.1):

Definition 19.4.1. Let C and D be divisors on a smooth projective surface X. Their intersection number
is defined as

(C.D) = x(0x) — x(0x(=C)) = x(Ox(—=D)) + x(Ox(—C —D)).

Clearly, the intersection number (C.D) depends only on the linear equivalence classes of C and D
and is symmetric. Its being bilinear follows from the lemma below.

Lemma 19.4.2. Suppose that D =D+ ---+D,—E| —---— E, for smooth curves Dy,...,D,,E,... E
as in Corollary 19.3.2. Then for every divisor C we have

(C.D) =} deg(0x(C)|p,) — }_ deg(Ox(O)|E,)-
In particular, if D is a smooth curve, we have (C.D) = deg(Ox (C)|p).

Proof. The proof follows a straightforward calculation using various restriction exact sequences — see
[Kempf, Lemma 10.9.2]. ]

Example 19.4.3 (Bézout theorem). On X = P2, we have an isomorphism deg: Pic(X) =% Z sending
O(1) to 1. Then (C.D) = deg(C) - deg(D). This implies that two irreducible curves C,D C X without
common components have exactly deg(C) - deg(D) points in common, counted with multiplicity.

Example 19.4.4 (Exceptional divisor). Let 7: X = BlpP> — P? be the blowup of a point P in P2. The
fiber E = n~!(P) is isomorphic to P'. We shall prove that (E.E) = —1. Since this is negative, we
conclude from this that there is no effective E' ~ E with E’ # E (otherwise (E.E) = (E.E') would count
the points in £ N E’ and hence be non-negative).

Let L C P2 be a line through P and let L' C P2 be a map not through P. Let L C X and L' C X be their
strict transforms. Then 7! (L) = L+E and 77! (L) = L. Since Op2 (L) = O(1) = Op2(L’), we have

Ox(L+E) ~m*Op2(L) ~ " Op2 (L) ~ Ox (L),

ie. L+E ~L' Thus
(L''L)=(LL)+2(L.E)+(E.E),
=1 =0 =1

and hence (E.E) = —1.

9See the last subsection.
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Example 19.4.5 (The diagonal). Let C be a curve of genus g, let X = C x C, and let A: C — X be the
diagonal. Then O(—A) ~ @c. It follows that

(A.A) = deg(Ox (A)|a) = deg(wz ') =2 -2¢.

Example 19.4.6. Let f: Y — X be a finite flat morphism of surfaces of degree d and let C and D be
divisors on X. Then
(f*"C.f*D)=d-(C.D).

Lemma 19.4.7. If £L = Ox(C) is ample and D is effective then (C.D) > 0, with equality if and only if
D = 0. Moreover, we have (C.C) > 0.

Proof. If C is ample then for every smooth curve D C X the restriction £|p is ample, and hence (C.D) =
deg(£L|p) > 0. For the general case, replacing C with nC for n > 0 we may assume that C is very ample,
in which case we can find a smooth curve C' ~ C which intersects D transversally. See [Hartshorne, V
Lemma 1.3] for the details. ]

The following theorem gives a converse to the above lemma.

Theorem 19.4.8 (Nakai—Moishezon criterion for ampleness, Hartshorne V Theorem 1.10). For a divisor
C on X, the invertible sheaf Ox (C) is ample if and only if (D.D) > 0 and (C.D) > 0 for every irreducible
curve C C X.

The following theorem will be proved next week. It states that the intersection form on Pic(X) has
“signature (1,n—1).” We cannot formulate it like that since Pic(X) is not a finite-dimensional vector
space (though it can be done, see next week). By Lemma 19.4.7 above, we have (H.H) > 0 if Ox(H) is
ample, thus having “signature (1,n — 1)” should mean that the quadratic form (D.D) is negative-definite
on the orthogonal to H:

Theorem 19.4.9 (Hodge index theorem). If H is a divisor such that Ox (D) is ample and D a divisor
such that (D.H) = 0, then (D.D) < 0, with equality if and only if (D.C) = 0 for every divisor C.

19.5. Problem session (Apr 14)

During the problem session we proved assertions (e) and (f) in Lemma 19.2.3. We then went through
the material in §19.4 (the lectured covered only the first three subsections), proving the exactness of the
Koszul complex and deducing the formula for (C.D) in terms of ). We then proved Lemma 19.4.2 and
deduced the formula in Example 19.4.5.

19.6. Bonus: exactness of the Koszul complex
The following result was used implicitly at the beginning of §19.4.

Definition 19.6.1. Let A be a local ring and let x1,...,x, € my be elements in its maximal ideal. We say
that (xi,...,x,) form a regular sequence if for every i = 1,...,n, the image of x; in A/(xy,...,x;_1) is
a nonzerodivisor. If A is Noetherian, we say that A satisfies Serre’s condition (S,) if it admits a regular
sequence of length n = inf{dim(A),d}. We say that A is Cohen—Macaulay if it is Noetherian and admits
a regular sequence of length n = dim(A).

Let A be any ring and let x1,...,x, € A. For 0 < m < n, let A" A" denote the free A-module of rank
(:z) with basis e; = ¢;, A--- Ae;, where I = {iy,...,in}, 1 <ij <--- <iy, < n. We define the differential
d: N"A" — N"~' A" by the formula

d(er) = Z(— l)jx,- “ep\{iy-

icl
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For example, form =1,d: A" — A is the map (xy,...,x,). The Koszul complex is the resulting complex
K (Asxt,. o) = | NA" = NTIAT o L NZAT AT A } ,

placed in degrees [—n,0]. The Koszul complex is independent of the order of xy,...,x,, up to changing
signs in the differentials. The projection A — A/(x1,...,x,) givesamap K*(A;xy,...,x,) = A/(X1,...,X,)
(the target placed in degree zero).

Proposition 19.6.2. Let A be a Noetherian local ring and x1,. .. ,x, € ma. The following are equivalent:
(a) (x1,...,X,) is a regular sequence;

(b) K*(A;x1,...,%,) = A/(x1,...,X,) is a quasi-isomorphism (equivalently, H (K®*(A;x1,...,x,)) =0
fori##0.

Proof. For n =1, the Koszul complex is
K*'(Ax)=[A—">A],

and the equivalence of (a) and (b) is clear. For the general case, note first that (xj,...,x,) is a regular
sequence if and only if x; is a nonzerodivisor and (xy, .. .,x,) gives a regular sequence on A/x;. We shall
complete the argument for (a)=-(b) for n = 2, which is sufficient for §19.4 (see [Eisenbud, §17] for the
general case). Tensoring the short exact sequences

Xi

0 A A Afxi 0

together, we obtain a diagram with exact rows and columns

0 0 0
X1 v
0 A A A/x| ——=0
X2 X2 X2 | o
0 A—L A A/x| —0
0->Alxa ’; A/x, A/(x1,%) —=0
0 0 0.

Snake lemma gives ker(c) == ker(f), i.e. x; is a nonzerodivisor in A/x; if and only if x, is a nonze-
rodivisor in A/x;. Thus if (x,x;) is a regular sequence, then the diagram is exact also with the dotted
arrows. A diagram chase then shows that

K*(A;sx1,x2) =

A(xlv_x2)7;42 (x1,%2) A ]

is exact in negative degrees, so that (b) holds. 0

110



20. Lecture 20 (Apr 16): Surfaces

In the final lecture of the “core” part of the course, we further develop intersection theory on surfaces:
Serre duality, Riemann—Roch, and the Hodge index theorem.

Recommended reading: Hartshorne V 1, Kempf §10

20.1. General Serre duality

Theorem 20.1.1. Let X be a smooth projective variety of dimension d. For every locally free sheaf € on
X and every 0 < g < d there exists a canonical isomorphism

HI(X,&)~H" (X, @ wy)".

Remark 20.1.2. We shall only need the following corollary: if £ is an invertible sheaf on a smooth
projective surface X, then
dimH?(X,L) = dimH°(X, L' @ wy).

I do not know if there is a simple proof of this.

The following application of coherent cohomology was promised earlier in Lecture 15, Exam-
ple 15.1.1.

Corollary 20.1.3. Let X C P" be a smooth projective variety of dimension > 2 and let H C P" be a
hyperplane. Then the intersection H N X is connected.

Proof. As explained in Lecture 15, Example 15.1.1, the result will follow once we know that H' (X, Ox (—n)) =
0 for n>> 0. By Serre duality, this space is dual to H™X)~1(X Oy (n) ® wx). Since dim(X)—1 > 0,
this last group will vanish for n > 0 (see Lecture 19, Lemma 19.2.2(d)). ]

20.2. Riemann-Roch for surfaces

Let X be a smooth projective surface. As in the case of curves, we fix a divisor K for which Ox (K) ~ wy
and call it a/the canonical divisor.

Last time, we introduced the intersection numbers (C.D) between divisors on X. Let us recall their
properties in form of a theorem.

Theorem 20.2.1. Let X be a smooth projective surface. There exists a unique symmetric bilinear pairing
(—.—): Div(X) x Div(X) — Z
satisfying the following two properties:
i. ifC~C and D ~ D' (linear equivalence), then (C.D) = (C'.D');
ii. if C and D are distinct prime divisors (irreducible curves), then

(C.D) =dimH'(X,0crp) = Y, i(C,D;x),  i(C,D;x) = dimy Ocrp.x,
xeCND

where Ocnp = Ox /Icnp for Ienp = Ic + Ip (since we are not taking the radical, we are counting
the intersection points with the correct multiplicity).

In addition, the intersection numbers (C.D) enjoy the following properties:

(a) For any divisors C and D, we have
(C.D) = x(0x) — x(0x(=C)) — x(0Ox(—=D)) + x(Ox (—C — D)).
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(b) If C is a smooth prime divisor, then for every divisor D we have

(C.D) = deg(Ox (D)]c)-

The Riemann—Roch theorem has a version for surfaces.

Theorem 20.2.2 (Riemann—Roch for surfaces). Let X be a smooth projective surface and let D be a
divisor on X. Then

£(0x(D)) = 3 (D.(D ~ K)) + £(0),

Proof. Let us try to follow the strategy of proof of the Riemann—Roch theorem for curves. The statement
holds trivially for D = 0, and it depends only on the linear equivalence class of D. Applying Bertini
(Lecture 19, Corollary 19.3.2) inductively, we see that it suffices to show that if C C X is a smooth curve,
then the statement holds for D if and only if it holds for D + C, or equivalently that

£(Ox(D+€) - 2(0x(D) = (5 (D+CLD+C =KD +2(00)) - (DD~ K) + 2(0x) ).

where the right-hand side simplifies further as (C.D) — 3(C.K) + 1(C.C). Now the short exact sequence
00— Ox(D) — Ox(D—I-C) — OX(D—FC)’C —0

gives
X(0x(D+C)) — 2(0x(D)) = x(Ox(D+C)|c),

which by Riemann—Roch for curves equals deg(Ox (D+C)|c)+ 1 —g(C). By Lecture 19, Lemma 19.4.2,
we have
deg(Ox(D+C)|c) = ((D+C).C) = (D.C)+(C.C).

Moreover, by the adjunction formula (Lecture 17, Example 17.3.4) we have
28(C) =2 = deg(ax) = deg(wx(C)|c) = (K.C) +(C.C),
and so 1 —g(C) = —1((K.C) + (C.C)). Combining what we know yields the result. O

As in the case of curves, we define /(D) = dimH°(X,Ox(D)). Riemann-Roch combined with Serre
duality (in the form of Remark 20.1.2) gives the following inequality.

Corollary 20.2.3. For any divisor D we have
{(D)+4¢(K—D)>(D-(D—K))+ x(0x).
In particular, if (D.D) > 0 then for n > 0, either nD or K — nD is effective.
Proof. For the first statement note that
¢(D) + (K — D) = dimH°(X,0x (D)) + dimH*(X,0x (D)) > x(0x (D)) = (D- (D - K)) + x(0x).
For the second, note that the right-hand side of the inequality for the divisor nD equals
n?(D.D) —n(D.K) + x(0x)

which will be positive for n >> 0. O

112



20.3. The Hodge index theorem

In the last lecture, we introduced the notion of an ample invertible sheaf. We call a divisor ample if
the corresponding line bundle is ample. For the theorem below (along with its proof) it is important to
remember the following:

(1) If X C P" then the restriction of O(1) is ample. In other words, if H C P" is a hyperplane which
does not contain X, then X N H is an ample divisor.

(2) If H is an ample divisor and C is an effective divisor, then (H.C) > 0. Moreover, the divisor nH is
effective for n > 0, and consequently we have (H.H) > 0.

(3) If H is an ample divisor and C is any divisor, then for n >> 0 the divisor C 4-nH is ample, effective,
and has H4(X,0x(C+nH)) =0 for g > 0.

Theorem 20.3.1 (Hodge index theorem). Let X be a smooth projective surface and let H be an ample
divisor on X. Let D be another divisor, and suppose that D-H = 0 and D - C # 0 for some divisor C.
Then D* < 0.

Proof. Suppose first that D> > 0. Let H' = D +mH for m > 0 such that H' is ample (Lecture 19,
Lemma 19.2.2(f)). Then H' - D = D*+mD - H > 0. Therefore for n > 0 we have

H'-(K—nD)=H'"-K —nD* <0,

and hence h°(K —nD) = 0. Therefore h?(nD) = 0 for n > 0 by Serre duality.
The Riemann—Roch formula gives

R (nD) — h' (nD) 4 h*(nD) = x(Ox(nD)) = nD(nD +K) + x(Ox) = D*n*> + O(n)

which is positive for n >> 0. But since h*(nD) = 0 for n > 0, we must have h°(nD) > 0 for n > 0.
But then nD - H > 0 (being the intersection of an ample divisor with a non-trivial effective divisor),
contradicting our assumption that D - H = 0.

Suppose now that D?> = 0. Let C' = (H*)C — (C-H)H, then C'-D = C-D # 0 but now also C'- H = 0.
Consider the family of divisors nD + C’. We have

(nD+C)? =n*D* +n(D-C) + (C')> =n(D-C')+ (C')?

which is a non-constant linear function. Therefore there exists an n such that (nD + C")? > 0. We can
now apply the case D? > 0 to the divisor nD + C’ in place of D to get a contradiction. 0

Definition 20.3.2 (Néron—Severi group). Let X be a smooth projective surface. A divisor D C X is
numerically trivial if D-C = 0 for every divisor C. We denote by NS(X) the quotient of Pic(X) by
the subgroup consisting of numerically trivial divisors. We call it the Néron—Severi group of X. The
intersection product induces a non-degenerate symmetric bilinear pairing on NS(X).

Theorem 20.3.3 (Theorem of the base, Néron). The group NS(X) is a free group of finite rank.
Definition 20.3.4. The rank of NS(X) is called the Picard rank of X and is denoted by p(X).

Corollary 20.3.5 (Equivalent form of the Hodge index theorem). Equip the real vector space NS(X)g
with the intersection pairing. It has signature (1,p(X)—1).

Remark 20.3.6 (Cones). Various kinds of line bundles give rise to convex cones in the real vector space
NS(X)r. The effective cone Eff(X) is spanned by the classes of effective divisors. Property (2) of ample
divisors implies that the ample cone is the interior of the dual cone Eff(X)Y = Nef(X) called the nef
cone (“nef” stands for “numerically effective”). Property (3) states that the ample cone is contained
in the effective cone and it has non-empty interior, so that the ray C + R~ - H for ample H eventually
intersects the ample cone. The structure of the nef cone is important in higher-dimensional birational
geometry.
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We shall later need the following less straightforward corollary of the Hodge index theorem.

Proposition 20.3.7. Let C be a smooth projective curve, let P € C, and let X =C x C. Let C; = {P} xC
and Cy = C x {P}. Then for any divisors D\,D, on X we have

|(C1-D1)(Cy+D2) + (C1-D2)(Ca - Dy) — (D D2)| <4/2(Cy - Dy)(Ca- D) — (D1 - Dy)
\/2(C1 -D2)(Cy-Dy) — (D3 - D).

Proof. We have (C;.Cy) = 1 since the curves intersect transversally at the unique point (P, P). Next, we
check that (C;.C;) = 0; indeed, this intersection number equals the degree of O(C})|c,, but the sheaf
Ox(C1)|c, is free (spanned by the image of a uniformizer of Oc¢ p) so its degree is zero. Similarly
(C5.C;) = 0. We are now in position to apply Exercise 6 on Problem Set 5. O
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21. Lecture 21 (Apr 21): Point counting over finite fields

In the final part of the course, we shall apply the theory we have developed to an arithmetic problem: the
Riemann hypothesis for curves over finite fields.

Recommended reading:
* Hartshorne [Har77, Appendix CJ;
* notes by Sam Raskin'?;
* the book [Lor96] An Invitation to Arithmetic Geometry by Dino Lorenzini (Chapters VIII and X).

The Weil conjectures for curves can also be deduced from the inequalities for correspondences in Kempf
[Kem93, §10.8] (his proof does not require intersection theory on surfaces).

21.1. Varieties over non-closed fields and rational points

The formalism of algebraic varieties developed in this course is not so well equipped to deal with geom-
etry over fields which are not algebraically closed, since a variety over a field might not have any points
with coordinates that field (e.g. V (x*> +y? 4 1) over R). This is one more reason to use schemes, which
work well over arbitrary base fields (or even over rings such as 7). Instead of doing that, we circumvent
the difficulties by fixing an embedding into an affine or projective space; this is a bit cumbersome, but
will do for our purposes.

Definition 21.1.1. Let k be an algebraically closed field and let ky C k be a subfield. We say that a closed
subset X of A” is defined over k if there exist polynomials fi,..., f, € ko[T1,...,T,] such that X =
V(fi,...,fr). A point x € X is rational over k if it is defined over ko, or equivalently if x = (xj,...,x,)
where x1,...,x, € k. We write X (ko) for the set of all x € X which are rational over kyp. We make the
same definitions for X C P" (in which case fi,..., f € ko[To, ..., T,] are supposed to be homogeneous).

Remark 21.1.2. 1. Obviously, being defined over ky depends on the embedding (already if X is a
point). To see how to get a reasonable “hands-on” theory of varieties over ko using algebraic
varieties over k, see [Mum99, §11.4].

2. This definition has many variants. For example, we could extend it to locally closed (or con-
structible) subsets. If X is a variety, we can define “divisors on X defined over ky.” A map
f:Y — X between two varieties defined over kg (with respect to a pair of embeddings a pro-
jective spaces) is defined over ky if its graph (embedded using the Segre embedding) is defined
over kg, and so on.

21.2. The Hasse—Weil zeta function

The Riemann zeta function {(s) of the complex variable s (with Re(s) > 1) is

()= Y s =] —

n>1 P l_p—s'

This equality (the “Euler product”) is an analytic avatar of unique factorization of positive integers as
products of powers of primes. It extends to a meromorphic function on the complex plane with a single
pole at zero, and the Riemann hypothesis is the conjecture that the zeros of {(s) in the “critical strip”
0 < Re(s) <1 lie on the line Re(s) = 1/2. This statement has many equivalent forms, often stated in
terms of the asymptotics of the prime counting function 7(x).

Opttps://math.uchicago.edu/ may/VIGRE/VIGRE2007 /REUPapers/FINALFULL/Raskin . pdf
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We now build an analog of the Riemann zeta function associated to a variety defined over a finite
field. In fact, this is more than an analogy, as Remark 21.3.5 will explain why both are special cases
of a more general construction. For this, we need to recall a few facts about finite fields. Let IF, be a
finite field of cardinality ¢ = p and let Fq =T, be a fixed algebraic closure. We can identify IF, as the
set of solutions of 79 — T = 0 inside IF,. More generally, for every r > 1, we the set F,- of solutions of
T¢ —T =0 is the unique extension of ¥ 4 of degree r (and hence a field of cardinality ¢"). The Galois
group Gal(F,-/F,) is cyclic of order r, generated by the Frobenius automorphism x — x.

From now on we work in our usual algebraic geometry framework over the algebraically closed field
k= Fq, so for example P" denotes the projective n-space over k = R. We use the terminology introduced
in §21.1: alocally closed X C P" is defined over [ if it is defined using homogeneous polynomials with
coefficents in I, and a point x € X is rational over F,, if x = (xo : - - : x,,) with x; € I, or equivalently if
{x} is defined over F,. We write

X(F,) = {x € X : xis defined over F,}.

Since [, is finite, this is a finite set. Obviously if X is defined over [Fy, it is also defined over F,- for all
r > 1, and so the notation X (F,-) makes sense. Since every point is defined over some finite extension of
¥, we have

X=JX(Fy).

r>1

The basic questions we aim to answer are:
How big is the set X(F,;)?  How fast does the size of X(F,-) grow with r?

It is convenient to pack the numbers #X (F,-) into a kind of generating function.

Definition 21.2.1. Let X C P" be a locally closed subset defined over IF,. The Hasse—Weil zeta function
of X over [, is the formal power series

Z(X/F,,T) =exp <i #X(rqu)Tr> e Q[r].
r=1

A nice property of the zeta function is that it can be computed “piece by piece.”

Remark 21.2.2 (Scissor relations). If X is the disjoint union of locally closed subsets X; and X, then
#X(F,) =#X,(F, ) +#X>(F, ) and consequently

Z(X[Fy.T) = Z(X\ [Fy.T) - Z(X, /B, T).

In the example below, and many times afterwards, we shall use the power series expansion

1 a’
1 =) T 21.2.1
og <1 _aT) Yy (21.2.1)

r>1 r

Example 21.2.3 (Projective space). Let X = P”, then we can write
X =A"UA"Tu...uA?,
and using the scissor relations we get
#X(Fyr)=14+4"+---+4™.
Using (21.2.1) we turn this to

1
(1-T)(1—qT)...(1—q'T)"

Z(P"/Fy,T) =
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Example 21.2.4 (Fermat curves). For d > 1 prime to p, consider the Fermat curve
X;={x14+y! 41 =0} C P~

Let g = p© be such that g = 1 modulo d. Obviously X is defined over IF, and hence over ;. According
to the rather ingenious computation in [IR90, §11.3], we have

Magy- (1-+ £L0T)

(1=T)(1—qT) ’

the product taken over triples of non-trivial characters

Z(Xa/Fq,T) =

a7ﬁ7y: F; — .ud((c)

valued in d-th order roots of unity satisfying the equality a3y = 1. The degree of the numerator equals
(d —1)(d —2), which coincides with 2g where g is the genus of X,;. Here for a character x: F; — C*,
the g(x) denotes the Gauss sum

gx) =Y x(x)exp

xeFy

<27'L'l . TrIE‘q/]F,, (x) >
» .

A key property of the Gauss sum is that [g(x)| = ¢'/? for x # 1. It follows that the 2g roots of
Z(X4/F,,T) have absolute value g~'/2.

21.3. The Weil conjectures

The goal of the lecture is to prove the following result, generalizing the explicit computation for the
Fermat curve in Example 21.2.4.

Theorem 21.3.1 (Hasse—Schmidt—Weil, “Weil conjectures for curves”). Let X C IP" be a smooth projec-
tive curve defined over I of genus g. Then the following hold:

(1) (Rationality) We have Z(X /F,,T) € Q(T). More precisely, the zeta function has the form

H,‘zﬁl(l —oT)

Z(X/Fq,T) = (1-T)(1—4qT)

for some algebraic numbers @, . .., @ng.

(2) (Functional equation) We have
1
Z <X/IE‘q, T) =q'" 8T %7(X/F,,T).
q
(3) (Riemann hypothesis) The zeros of Z(X /F,,T) are of absolute value 1//q. Equivalently, we have
|a),-|:ql/2, i=1,...,2g.

Remark 21.3.2 (Weil conjectures in terms of point counting). Equivalent forms of assertions (1)—(3)
expressed in terms of the numbers #X (IF-):

(1) #X(Fy) = 14+4q — Y%, o/ for some @, ..., 0 € Q;

(2) the ; come in pairs (©,q/®);

117



3) #X(Fy) —1—q'| = | L%, of| < 2g./q (“Hasse-Weil bound”), or |&;| = ¢'/2.

We note that (1) and (2) imply that the numbers #X (IF,-) for r > g determine the entire sequence (see
Exercise 21.3.3 below). For example, the zeta function of an elliptic curve E over I, is determined by
the single number a, = p+1—#E(F,).

Exercise 21.3.3. Let Ay,...,A, be complex numbers. Prove that the ¢ numbers

gk

A+, r=1,...,g
i—1

determine the numbers 4;,...,A, up to permutation. Deduce (setting A; = g \/?

#X (F,) for r < g determine the zeta function Z(X /F,,T).

;) that the numbers

Remark 21.3.4 (General Weil conjectures). Weil famously formulated his conjectures, the analog of
Theorem 21.3.1 for an arbitrary smooth projective variety X defined over F:

(1) We have
P (T)P5(T)...Poy_1(T)

Py(T)Py(T)...Py(T) ’
where Py(T),...,P,y(T) € Z[T] are polynomials of the form

Z(X/F,.T) = d = dim(X)

b;

P(T)=[](1 — w;T),

j=1
where Py(T) =1—T and Poy(T) = 1 — ¢"T.
(2) We have
z <X /F,, qd]T> = +¢E2TEZ(X JF,,T)

where E = Y7, (—1)'b; (the “degree” of the rational function Z(X /F,,T)).

(3) We have
|ij| = ql/ ?
(which uniquely determines the factorization in (1)). Thus, by (2), if @ is a root of P, then q° /@
is a root of Poy_;.

Further, Weil conjectured a link with algebraic topology.

(4) Suppose that there exist homogeneous polynomials fi,..., f, € Z,)[To,.. ., T,] such that the ring
Zp[To,-- -, Tu]/(f1,---, fr) has no p-torsion and such that the projective variety defined by these
equations over [F, is smooth. Let Y C CP" be the complex projective variety over C defined by the
same equations (which then will be smooth as well), equipped with the analytic topology. Then
the degree b; = deg P, is equal the dimension of the i-th singular cohomology group H'(Y,Q). In

particular, the integer E in (2) is equal to the Euler characteristic of Y.

These conjectures have been established by Dwork (rationality), Artin—Grothendieck (rationality,
functional equation, and (4)), and Deligne (who established the Riemann hypothesis in 1973). In fact,
Artin and Grothendieck developed /-adic cohomology H'(X,Qy) of any algebraic variety and recast
the conjectures in terms of eigenvalues of the Frobenius map on these cohomology groups. In this
formalism, assertion (1) follows from the analog of the Lefschetz fixed point formula and (2) from
Poincaré duality. Assertion (4) follows from a comparison theorem between H'(X,Q;) and the singular
cohomology H'(Y,Q) ®q Qy. See [Hartshorne, Appendix C] for more details.
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Remark 21.3.5 (Zeta functions of schemes over Z). Let X be a scheme of finite type over Z (for exam-
ple, defined by a system of homogeneous equations with coefficients in Z[Tp, ..., T,]). Let X be its set
of closed points (which correspond to maximal homogeneous ideals). As we have proved in the commu-
tative algebra course, for every x € X, the residue field x(x) = Ox /m, is a finite field!!. We define the

holomorphic function
1
Cx(s) = H T’W

xeX
(this converges for Re(s) > dim(X)). This construction has two important special cases:

(a) If X = Spec(Z), then X is the set of prime numbers, and {x(s) = {(s) is the Riemann zeta
function. More generally, for the ring of integers Ok in a number field K, the zeta function of
Spec(Ok) is the Dedekind zeta function

&(s)= 1 1_#,1(ms= Y. #Ok/D7

0#£pCOk 0#I1CO0k

(b) If X C P"* (over Fq) is a projective variety defined over F,, and Xo C ]P’ﬁq is the corresponding
scheme over I, then
CXO (S) = Z(X/quqis)
To see why this is true, we need a new formula for Z(X /F,,T) — see Lemma 21.4.4.

In general, we do not know whether {x (s) admits a meromorphic continuation to the complex plane (this
would follow from the Langlands program).

21.4. The Frobenius map

The base observation is that the field I, is the fixed-point set of the map x +— x9. We can use this to get
some geometric understanding of X (IF,). The (g-th power) Frobenius map is the map

F:P"— P, Fxo: - ixy) = (xf - :x).

Following a familiar notation from dynamical systems, for an endomorphism F: X — X of a set X we
denote by Fix(F) = {x € X : F(x) = x} the set of its fixed points.
Lemma 21.4.1. Let X C IP" be a locally closed subset defined over IF,.

(a) We have F(X) C X, and so F defines a map Fx: X — X.

(b) X(F, ) =Fix(Fy).
Proof. (a)Let f € F, [To, ..., T,] be a homogeneous polynomial. Then

f(T,.... 1) = f(To,...,T,)9,

and it follows that f vanishes at a point x € P" if and only if it vanishes at F(x). The assertion follows
since our X is defined by vanishing and non-vanishing of a system of such polynomials f.
(b) It suffices to treat the case X = P" and r = 1. We must show that if 0 # (xo,...,x,) € FZH are
such that
(xd, . x?) = A - (x0,. .., xn)

for some A € <, then there exist (yo, ...,y,) € F, and u € F, such that
(X055 %n) =L (Y0y- -y Vn)-

To this end we set & = A/@~ 1, which exists since Fq is algebraically closed. O

Uemma. If k is a field which is of finite type over Z, then k is finite. Proof. By Chevalley’s theorem (Lecture 4, Theo-
rem 4.4.3), the image of Spec(k) — Spec(Z) is constructible, and hence a closed point (p). Thus & is finitely generated over
IF), and hence finite over it by Nullstellensatz (Lecture 1, Theorem 1.1.3). [
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Warning: the map Fx: X — X is bijective but not an automorphism (the extension of function fields
is purely inseparable).

Definition 21.4.2. Let X C IP" be a locally closed subset defined over F,.
(a) Forx € X, we set deg(x) = min{r : F"(x) = x} = (the smallest r such that x is [F--rational).

(b) We set Xop = X/Fx to be the orbit space of the bijection Fx. Thus deg(x) is the size of the orbit of
X.

Remark 21.4.3. Let Xyo C ]P’%q be the “corresponding scheme over F,” as in Remark 21.3.5 (if X is
closed, then Xy cut out by the homogeneous ideal J(X) NF,[Ty,...,T,]). Then the set Xo = X /Fx in
Definition 21.4.2 coincides with the set of closed points of the scheme X, and the degree deg(x) defined
above coincides with the degree of the extension [k (x) : IF,].

Lemma 21.4.4 (Euler product). Let X C P" be a locally closed subset defined over IF,. We have

1
| 7deen”

Z(X/IFWT): H

x€Xo

Proof. Let x € X, then x € Fix(F") = X(F,) if and only if the order of the orbit deg(x) divides r.
Counting the fixed points in two ways, we obtain

#X(Fy)= ) deg(x).
x€Xp,deg(x)|r

Using the formula (21.2.1) we obtain

Z(X/F,,T) = exp (Zl ( Z( )| deg(x)) T’)

r>1 x€Xp,deg

exp < ) degr(x) Tr) _exp ( Y Y lTrdeg(x)>

XEXo r:deg(x)|r xeXor>1 "

1
= [ expliog(1 =7%%0) = [T ;g

x€Xo xeXo
where in the third equality we substituted r/ deg(x) for r. O

Suppose now that X is a smooth curve. A divisor D = Y apP on X is defined over I, if F(D) =D,
or equivalently if ap = ap(p for all P € X. We denote by Pic(Xy) the quotient of the group of divisors
defined over I, by the principal divisors. We define Pic’(Xp) to be the subgroup consisting of divisor
classes of degree zero. It is a finite group'? (as will follow from the computations below), and we denote
its order by /4 (in honor of the class number). Note that if we identify P € Xy with the sum of its orbit
P+F(P)+ -+ F3eP)=1(P) then the degree of the resulting divisor equals the deg(x).

Lemma 21.4.5. Let X C IP" be a smooth projective curve defined over IF.
(a) We have

Z(X[F,T)= Y 1%?)
D>0 def. over F,

2Lemma. Pic® (Xp) is finite. Proof. Let P be an effective divisor of degree d > 2g — 2 defined over F,. Then for every
divisor D on X defined over I, the divisor D+ P is of degree d and hence £(D + P) > 0 by Riemann—-Roch. Thus D+ P ~ Q for
an effective divisor Q defined over IF,. Rewriting this as D ~ Q — P, we found a surjection from the (finite) set of all effective
divisors Q of degree d defined over F, onto Pic”(Xp). O
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(b) For a divisor D defined over ¥4, the number of effective divisors defined over ¥, which are linearly

equivalent to D equals

CIZ(D) —1 0

1 (D) =dimH"(X,0x(D)).
q—

(c) The degree map Pic(Xy) — Z is surjective.

Proof sketch. (a) Expand the Euler product in Lemma 21.4.4.

(b) These divisors are parametrized by the FF,-rational points of the projective space PH O(X,0x(D)) ~
IP’Z(D)‘l, which has
q'P) —1

qg—1

1 _|_q_|_...+qf(D)*1 -
rational points.

(c) Omiitted, see [Lorenzini, VIII 6.2]. The proof of this fact uses the zeta function (the fact that it
has a simple pole at 7 = 1). Note that this is false over R, for example on a real conic C C P? with no
rational points, every divisor defined over R has even degree. Finally, note that the assertion trivially
holds if X (FF,) is non-empty, so in particular it holds after replacing F, with F- for some r > 1. U

21.5. Proof of Theorem 21.3.1(1): Rationality

Recall that the Riemann—Roch theorem on a smooth projective curve X of genus g is the formula
{(D)—¥¢(K—D)=deg(D)+1—g

valid for every divisor D on X, where K is the canonical divisor (that is, Ox (K) ~ wx). We can pick a K
which is defined over F,. We have /(K) = g and deg(K) = 2¢g — 2. The basic corollary of Riemann-Roch
is that

(D) =deg(D)+1—g if deg(D) >2g—2, (21.5.1)

as then deg(K — D) is negative and so /(K — D) = 0.

Proof of Theorem 21.3.1(1). We can now prove assertion (1) of Theorem 21.3.1 by applying the formula
in Lemma 21.4.5(a) and using (21.5.1). All the sums below are over divisors or divisor classes defined
over IF,.

Z(X[Fy, T) =Y TP = Y #{D >0 : deg(D) = d}T*
D>0 d>0
= Y #{D>0:deg(D)=d}T+ Y #{D>0:deg(D)=d}T*
0<d<2g-2 d>2g—2

polynomial Q(T) of degree <2g—2

(D) _ 1
=0(T)+ qT
d>2g-2pict(xy) 4
d+l—g 1
—om)+ Y & qilrd
d>2g-2 q—
_ P(T)
(1=T)(1—qT)

where P(T) € Z[T] is a polynomial of degree < 2g with P(0) = 1. (In the third line, we divided the
divisors of degree d > 2g — 2 into linear equivalence classes. Since they are permuted by Pic’(Xp), there
is h of them, and each class contributes the same number (¢¢*'=¢ —1)/(g — 1) by (21.5.1), which gets
us to the fourth line.) We shall prove that deg(P) = 2g in the next step. O
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21.6. Proof of Theorem 21.3.1(2): Functional equation

Proof of Theorem 21.3.1(2). The basic idea is to pair up the terms with D and K — D exploiting the
symmetry in the Riemann—Roch formula (Serre duality). We cannot check the formula by a simple sub-
stitution in formal power series since one side of the formula lives in Q((7")) and the other in Q((1/7)).
So we need to be careful, and first we will treat the range of degrees from O to 2g — 2 separately. The key
calculation is the following. Let

o(T) = Z qf(D) Tdeg(D)
0<deg(D)<2g—2

Then

((K-D) deg(K—D)

22481 g qlT )= ¥ g/(P)-deaD) 51 72-2-deaD) _ (7).

Now, we can define 3(T') by

b

Z(X/F,,T) = —a(T)+ —B(T).

so that Z(X /IF,, T') satisfies the functional equation if and only if B(7") does. Now,

B(T) = Z q'P)deeD) _ Z 7 deg(D)

deg(D)>2g—1 deg(D)>0

_ Z qdeg(D)Jrlngdeg(D) - Z Tdeg(D)
deg(D)>2g—1 deg(D)>0

=h Z qd+1_gTd —h Z Td

d>2g—1 d>0
= hg' 877! L,
1—qT 1-T

We check easily that the operation ¢ +— ¢'~8T262¢(¢~'T~") interchanges the two summands above.
L]

Note that since Z(X /IF,,0) = 1, the functional equation indeed implies that the numerator P(7') has
degree exactly 2¢ (and leading term ¢%).

21.7. Proof of Theorem 21.3.1(3): The Riemann hypothesis

Lemma 21.7.1. Let Ay,..., A, be complex numbers and let p > 0. The following conditions are equiva-
lent

(a) |Mi|<pfori=1,...,m;
(b) | X7 Al < mp” for every r > 1.
Proof. Omiitted. O
Corollary 21.7.2. The Riemann hypothesis (3) holds if and only if the Hasse—Weil bound
[#X (Fyr) —1—¢'| < 2gq""

is satisfied for all r > 1.
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Proof. Using the formula (21.2.1), we have

2g

2g S
Z(X/F,,T) = m = exp <Zl(l—|—qr_i;a){)7"r> :

from which we infer that

2g
#X(Fy)=1+4"-Y o,
i=1

and consequently the left-hand side of the Hasse—Weil bound equals |}, @/|. Applying Lemma 21.7.1
with p = ¢ and the numbers o, ..., @y, we see that the Hasse—Weil bound holds if and only if |@;| <
q'/2. But, by the functional equation the set {@, ..., @} is closed under @ + ¢/w@. Consequently, if
|ay| < ¢'/? for all i if and only if |e;| = ¢'/? for all i. O

To finish the proof of (3), it suffices (changing the base field) to show the Hasse—Weil bound for
r = 1. The basic idea for this that the fixed-point set Fix(F) of a map F: X — X is the intersection of
the graph I" of F with the diagonal A C X x X. Since our X is a curve, the product X x X is a surface,
and the number of the intersection points #X (IF,) = #Fix(F) = #(I'N A) equals the intersection number
(I".A) which we may control using intersection theory on surfaces, notably the Hodge index theorem
(Lecture 20, Theorem 20.3.1).

Lemma 21.7.3. The curves I (graph of Frobenius) and A (diagonal) on X x X intersect transversely.
Consequently,
(I".A) =#X (F,).

Proof. Since both curves are smooth (they are isomorphic to X via the first projection X x X — X) it
suffices to show that for every (x,x) € N A, the tangent lines 7(, w[" and T(, ,)A are distinct. Both are
subspaces of the tangent space 7(, 1 X x X = T,.X ® T,X. The second one 7|, ,)A is simply the diagonal
I:X. We claim that 7{, yI" = T.X &0, which follows from the fact that since the Frobenius map is purely
inseparable, its derivative vanishes everywhere. Since we have not discussed inseparable morphisms, we
do a local computation on P". In an affine open U ~ A" C P" containing x, the mapid x F: U - U x U
is given by
(X1, ey Xn) = (X1, X, X xT) = (X1, Xy V1 -5 V)

Its image (the graph of Fyy) is therefore cut out by the equations y; —x? = 0. Now, dx? = gx?'dx; = 0.
Therefore the cotangent space is spanned by dyy,...,dy,, and hence the tangent space is U ® 0. The
tangent space to the graph I of F; is thus contained in 7,[P" & 0, and hence equal to 7,X & 0. O

Lemma 21.7.4. Let xo € X Let C, = {xo} x X and C;, = X X {xo} be the “horizontal” and “vertical”
axes through (xo,x0) € X x X. Then

a) (AA)=2-2g, b) (I'l)=gq(2-2g), c) (IA)=#X(F,),
4 (AG)=(AC)=TC)=1, ¢ ([I.C)=q

Proof. a) Follows from the adjunction formula (Lecture 19, Example 19.4.5). To show b), notice that ' =
(F xid)*(A) and F x id is a finite flat morphism of degree ¢, so that the assertion follows from Lecture 19,
Example 19.4.6. Assertion c) is the previous lemma. Formulas in d) are obvious (the intersections have
only one point at which the tangent lines are distinct). Formula e) follows from the fact that (I".C},) =

deg(F*({x0}) =g O

We proved the following result last time, as a corollary of the Hodge index theorem.
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Proposition 21.7.5 (Lecture 20, Proposition 20.3.7). For any divisors D| and D, on X X X we have

|(C-D1)(Cy - D2) + (Cp- D2)(Cy - D1) — (D1 - D2)| <4/2(Cyi- D1)(Cy - D1) — (D1 - D)
\/2(C,-D2)(Cy-Dy) — (D - D).

Proof. We work in the space NS(X)r of numerical equivalence class of divisors with real coefficients.
Consider the quadratic form
A(D) =2(Cy.D)(C,.D) — (D.D)

and the corresponding symmetric bilinear form

A(Di+D,) —A(Dy) — A(D»)

A(Dy,D;y) = >

= (Cy.D1)(Cy.D2) + (Cp.D2)(C,.Dy) — (D1.D2).

Then the inequality reads
[A(D1,D2)| < \/A(D1)A(D2).

This looks like the Cauchy—Schwarz inequality, and will follow if we show that A (D) > 0 for all D.
Consider the subspace of NS(X)r spanned by the vectors D = Cy, D, = C,, and D3 = D. Consider
the determinant
0 1 (Cy-D)
det[(Di-D))] = | 1 0 (G-D)|=A(D)
(Gi-D) (C,-D) (D-D)

This is either zero (if Dy, D,, and D3 give linearly dependent elements of NS(X)R), or positive otherwise
(indeed, then the span of the D; is a three-dimensional vector space on which the intersection form has
signature (1,2) since (Dy +D,)? =2 > 0). O]

Proof of Theorem 21.3.1(3). We apply Proposition 21.7.5 to D1 =T and D, = A. Lo and behold:

(Ch.A) (C,.T) + (Cyp.T) (C.A) — (AT)| < \/2(Ch.r) (C,T)— ([.T) x \/2(C,1.A) (C.A) — (A.A) =2g./4.
—— N ——— —— ———

q 1 1 1 #X(F,) q 1 q(2-2g) 1 1 2-2¢
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A. Homework problems

Problems marked with an asterisk are for extra credit.

A.1. Problem Set 1

In all of the problems, k denotes an algebraically closed field.

Problem 1.1. Suppose that char(k) # 2, let f € k[X] be a polynomial of degree > 1. Show that the plane
curve

Y ={(xy): Y =fx)}CkK
is irreducible, and that it is smooth if and only if f(X) has no repeated roots. Show that
Y ={(x,y) : ¥’ =x+ax+b} Ck
is smooth if and only if 4a> 4 27b> # 0.

Problem 1.2 (The twisted cubic curve, Hartshorne (I, Ex. 1.2)). Show that
Y={(t,*) :r €k} Ck

is an irreducible algebraic set of dimension 1. Find generators for the ideal J(Y'). Show that k[X,Y,Z]/(J(Y))
is isomorphic to a polynomial ring in one variable over k.

Problem 1.3 (cf. Hartshorne (I, Ex. 1.7)). Let X be a Noetherian topological space.
(a) Show that every subset Z C X is Noetherian in its induced topology.
(b) Show that X is quasi-compact (every open cover has a finite subcover).
(c) Show that if X is also Hausdorff, then it is finite and discrete.
Problem 1.4 (cf. Hartshorne (I, Ex. 1.10)). Let X be a topological space.
(a) IfY C X is a subspace, then dim(Y) < dim(X).
(b) Give an example of a topological space X and a dense open subset U C X with dim(U) < dim(X).

(c) Suppose that X is irreducible and dim(X) < eo. If ¥ C X is a closed subset with dim(Y) = dim(X),
then Y = X.

Problem 1.5 (Hartshorne (I, Ex. 3.7a)). Show that every two curves in the projective plane IP? intersect.
In other words, for every pair f,g € k[X,Y,Z] of non-constant homogeneous polynomials, the system

)

f(X,Y,2) =
Y7

0
7)=0

has a solution (x,y,z) # (0,0,0).

* Problem 1.6. Are the spaces C? and C?\ {(0,0)} homeomorphic when equipped with the Zariski
topology?
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A.2. Problem Set 2

Problem 2.1. Let X C A" be an affine algebraic set endowed with an action of a finite group G. Let
A = O(X) be the corresponding algebra, so that G acts on A by k-algebra automorphisms. Let

B=A%={fcA:gxf=fforallgec G} CA

be the subring of invariants. Last semester, we deduced from the Artin—Tate lemma that B is a finitely
generated k-algebra. This allows us to consider ¥ = MSpec(B), the affine algebraic set with O(Y) = B.
Let w: X — Y be the morphism induced by the inclusion B < A. Show that

(a) Y =X /G is the orbit space (that is, 7(x) = 7’ (x) iff x = g(x) for some g € G);

(b) for every morphism f: X — Z to an affine algebraic set Z such that fo g = f for every g € G there
exists a unique f: Y — Z such that f = fo .

Hint for (a): First show that for any two disjoint closed subsets Zy,Z, C X there exists an f € A such that
f(z2)=0forall z € Zyand f(z) = 1 for all z € Z,. Apply this to a pair of G-orbits, then use the G-action
to obtain elements of A°.

Problem 2.2. Let k = C. For which values of the parameter A € k is the hypersurface X C P defined by
AXTT 4+ XY = (n 4+ 1)Xo - X,

nonsingular?

Info: This is the Dwork family of Calabi-Yau hypersurfaces of dimension n — 1. The case n = 3 (quintic
threefolds) has been extensively studied in the context of mirror symmetry.

Problem 2.3. Let X be a variety and let X1,...,X, C X be constructible subsets such that X = X; U---U
X,,. Show that one of the X; contains a non-empty open subset of X.

Problem 2.4. Let X = V(f) C IP? be a conic (so f € k[X,Y,Z] is an irreducible homogeneous polynomial
of degree two). Show that X ~ P!,

Problem 2.5. Assume that char(k) # 2. Let X = V(f) C P? be an irreducible quadric surface (so f €
k[T, ..., T3] is an irreducible homogeneous polynomial of degree two). Show that X is rational (i.e., has
a non-empty open subset isomorphic to an open subset of P?).

Hint: first show that up to a linear change of coordinates, f can be put in the form ToT| — ToT3 or
T — T;.

* Problem 2.6. Suppose that & is uncountable. Let X be a variety and let X, C X (n > 1) be a sequence of
constructible subsets such that X = (J;_; X,,. Show that one of the X,, contains a non-empty open subset
of X.

A.3. Problem Set 3

Algebraic groups

Problem 3.1. Let G be an algebraic group. Show that G is
(a) separated,
(b) non-singular.

Hint for (a): Use the multiplication map u: G x G — G to describe the diagonal.
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Problem 3.2. Let G =G¢ and H = G5,
(a) Prove that every map f: G — H with f(1) = 1 is a group homomorphism.

(b) Prove that group homomorphisms G — H form a group isomorphic to Hom(Z”, Z%).

Blow-ups

Problem 3.3 (cf. Hartshorne Ex. I 5.7). Let Y C P? be a nonsingular projective plane curve defined by
the homogeneous equation f(x,y,z) = 0 (for f € k[x,y,z] square-free, homogeneous of degree d > 1).
Let X = V(f) C A be the “affine cone” of Y.

(a) Show that the origin 0 € A3 is the unique singular point of X.
(b) Show that the strict transform X in the blowup of A3 at the origin is non-singular.

(c) Show that the tangent cone X N7z~ !(0) C P? is equal to Y.

Sheaves

Problem 3.4 (Flasque/flabby sheaves, cf. Hartshorne Ex. II 1.16). A sheaf F on a topological space X is
called flasque (a.k.a. flabby) if for every inclusion V C U of open sets, the restriction map F(U) — F(V)
is surjective.

(a) Show that a constant sheaf on an irreducible topological space is flasque.

(b) Suppose that 0 — F — F — F” — 0 is an exact sequence of sheaves and that F' is flasque. Show
that for every open U C X, the sequence

0——F(U) F(U) FU) —0

is exact.

(c) Let f: Y — X be a continuous map and let F be a flasque sheaf on Y. Show that the sheaf f,F on
X is flasque.

(d) For any sheaf , the sheaf D(F) of discontinuous sections of J is flasque.

Problem 3.5 (cf. Hartshorne Ex. IT 1.21). Let X be an algebraic set and let Ox be its sheaf of regular
functions. Let Y C X be a closed subset and let i: ¥ — X be the inclusion.

(a) For each open subset U C X, let Iy (U) be the ideal in the ring Ox (U) consisting of those regular
functions which vanish at all points of ¥ NU. Show that the presheaf U — Jy (U) is a sheaf. It is
called the sheaf of ideals Jy of Y, and it is a subsheaf of the sheaf of rings Oyx.

(b) Show that the quotient sheaf Ox /Jy is isomorphic to i, Oy, so that we have a short exact sequence

0 jY OX Z*OY 0.

(c) Consider the case X = P! and Y = {x, y} for distinct points x,y € X. Show that Ox (X) — (i,Oy)(X)
is not surjective (even though Ox — i, Oy is surjective by (b)).
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A.4. Problem Set 4

In this class, we are primarily interested in algebraic sets and varieties. The exercises below are formu-
lated for schemes, but feel free to replace the word scheme with algebraic set and each Spec with MSpec
(the proofs should be the same).

In the problems below, use Problem 1 to solve Problem 2, and Problems 2 and 3 to solve Problem 4.

Recall that an open subset U C X of an affine scheme X is called distinguished if U = D(f) ~ Spec(O(X)[f~1])
for some f € O(X).

Problem 4.1. Let X be a scheme. Let U,V C X be two affine open subsets. Prove that every x e U NV
admits an open neighborhood W C U NV which is distinguished in both U and V.

Problem 4.2 (Affine communication lemma). Let X be a scheme and let U be a family of affine open
subsets of X enjoying the following property: for every affine open U C X and every finite cover U =
U, U---UU, by distinguished opens Uy, ..., U, C U, we have

vuel & ui,...,U, e U.

Suppose that X admits an affine open cover X = (J,¢;Ug With Uy € U. Show that every affine open
U C X belongs to U.

Problem 4.3. Let X be either a scheme or an algebraic set. Let fi,..., f, € O(X) be elements such that
the opens D(f1),...,D(f-) € X are affine and which generate the unit ideal in O(X). Show that X is
affine. Hint: We have a map 7: X — Spec(O(X)) (corresponding to the identity O(X) — O(X)). Show
that it is an isomorphism.

Problem 4.4. Let f: Y — X be a map of schemes. Prove that f is affine if and only if there exists an
affine open cover X = |Jye; Uq such that 1 (Uy) is affine for each o € I.

Problem 4.5. Let X be a noetherian scheme and F a coherent sheaf on X. Prove that & is locally free of
rank one if and only if there exists a coherent sheaf M such that F ®, M ~ Ox. Such Ox-modules are
called invertible.

* Problem 4.6. Let X be an algebraic set. Let fi,...,f, € O(X) be elements such that the opens
D(f1),...,D(fr) C X are affine and cover X. Does that imply that X is quasi-affine?

A.5. Problem Set 5

Problem 5.1. Letn > 1. Does there exist a surjective map A" — P"?

Problem 5.2. Compute the zeta function {p« (s) of the projective space IP" over a finite field F,.
Problem 5.3. Compute H'(S',Z) directly from our definition of cohomology. (Here S' is the circle.)

Problem 5.4. Let X be a noetherian topological space and let {JF} be an inductive system of abelian
sheaves on X. Show that the presheaf U +— li_n}fr"a(U ) is a sheaf, denoted by lig?a. In particular, the
natural map

li_n>1 I'X,Fq) — F(X,@?a)

is an isomorphism.

Problem 5.5. Let D be a prime divisor on a smooth variety X. Show that Pic(X \ D) ~ Pic(X)/(Ox (D))
where (Ox(D)) = {Ox(nD), n € Z} is the subgroup generated by the class of Ox(D). Use this to
compute Pic(U) where U = D(f) C P? is the complement of an irreducible curve of degree d.
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* Problem 5.6. Let V ~ R” be a real vector space endowed with a symmetric bilinear form (x,y) of
signature (1,n—1). Let x;,x, € V be two vectors such that

(x1,x1) = 0= (x2,x2), (x1,x0) = 1.

Show that for every y;,y, € V the following inequality holds

(e, y1) - (2, 92) + (xr,p2) - (2,01) — 01, v2) | < V20, 31) - (o) — On,1) - V23X, y2) - (62, v2) — (v2,32)

Hint: Apply Cauchy—Schwarz to the quadratic form q(y) = 2{x1,y) - (x2,y) — (y,y).
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B. Summary of commutative algebra

This document lists the bare definitions and facts we need for our algebraic geometry course. In case you
haven’t studied some of this material, it should serve as a guideline for what you need to learn.

B.1. Commutative rings

An commutative ring (or simply a ring) is an abelian group A = (A,+,0) together with a bilinear
associative, commutative, and unital multiplication -: A X A — A, that is: we have an element 1 € A and

(x+y) - +Y) =xx'+x"+' +y/, (xy)z=x-(y-z), xy=yx  lx=x

for all x,x’,y,y’,z € A. A homomorphism (or morphism, or simply map) of rings is a homomorphism
of abelian groups ¢: A — B such that ¢(x-y) = @¢(x)-¢(y) and ¢(1) = 1 (the latter condition is not
automatic!). Rings form a category which we denote by CAlg (for “commutative algebras”). The ring Z
is the initial object of CAlg: for every A, there exists a unique map Z — A. The zero ring O is the final
object, and if 0 — A is a map, then A = 0.

If {Ag }oer is a family of rings, then the cartesian product A = [[,c;Aq With coordinate-wise multi-
plication and addition is a ring, and the projection maps A — A are homomorphisms (A is the categorical
product of {Ay} in CAlg).

For a ring A, an A-algebra (or: algebra over A) is a ring B together with a homomorphism A — B
(which we often neglect to name), and a morphism of A-algebras B — C is a map of rings B — C such
that the triangle

commutes. We denote the category of A-algebras by CAlg,. Then A (meant as the identity A — A) is the
initial object of CAlg,. We have CAlg = CAlg;.

A subring of A is a subgroup B C A containing 1 and closed under multiplication, or which is the
same an injective ring map B — A.

An ideal in a ring A is a subgroup / C A such that A-1 = (that is, if x € A and y € I, then xy € I).
There is a unique ring structure on the quotient group A/I making the quotient map A — A/I a ring
homomorphism. For a map of rings ¢ : A — B, the kernel ker(¢) C A is an ideal, the image im(¢) C B
is a subring, and we have A/ker(¢) ~ im(¢). For an ideal I C A, a map ¢: A — B factors (uniquely)
through A/I if and only if I C ker(¢). If ¢: A — B is a map and J C B is an ideal, then ¢ ~!(A) is an
ideal. Ideals in A/I are in bijection with ideals of A containing /. For a subset Iy C A, the set I = () of
all linear combinations a;x; + - - - + a,x, with a; € A and x; € I is the smallest ideal of A containing A,
called the ideal generated by Iy. For Iy = {x1,...,x,}, we write (Ip) = (x1,...,%,). An ideal of the form
I = (f) for a single f € A is called principal. For amap ¢ : A — B and an ideal / C A, we write I - B for
the ideal of B generated by ¢ (/). For a family of ideals {I, }, the intersection (/y is an ideal, and we
denote by Y I, the ideal generated by |J1,. For two ideals I,J C A, the product /- J is the ideal generated
by {xy:xel,yeJ}.

An ideal p C A is prime if its complement A \ p is a monoid (unital semigroup), or equivalently if
p#AandxycpimpliesxEporycp. If¢: A— Bisamapand qC Bisa prime ideal, then ¢ ' (q) CA
is a prime ideal.

An element x € A is a unit (or invertible) if xy = 1 for some y € A. Such a y is unique and is denoted
by x~!. Units of a ring A form a group under multiplication, denoted by A*. A ring A is a field if
A* = A\ {0} (in particular the zero ring is not a field). A map A — B induces a map A* — B*.

A nonzero ring A is a domain if it has no zerodivisors, i.e. if xy = 0 implies x =0 or y = 0. Thus A
is a domain if and only if (0) C A is a prime ideal. An ideal I C A is prime if and only if A/I is a domain.
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Anideal m C A is maximal if m # A and which is maximal with respect to this property. Equivalently,
the quotient A/m is a field, and every maximal ideal is a prime ideal.

Proposition B.1.1. Every nonzero ring admits a maximal ideal.

A ring A is local if it has a unique maximal ideal my4, or equivalently if its non-units form an ideal
(which is then maximal). Its residue field is the quotient k4 = A/m4. A homomorphism ¢: A — B
between local rings is local if ¢ (m4) C mp. It then induces a homomorphism k4 — kg between residue
fields.

An element x € A is nilpotent if x” = 0 for some n > 1. The set of all nilpotent elements of A is and
ideal called its nilradical and denoted by v/0. More generally, for an ideal I C A the set of all elements
x € A such that x" € I for some n > 1 is an ideal called the radical of / and denoted by /1. We say that
the ideal 7 is radical if I = \/I. We say that A is reduced if it has no nonzero nilpotent elements, i.e. if
(0) is a radical ideal.

Proposition B.1.2. For an ideal I C A, we have \/I = (por ¥ (the intersection of all prime ideals con-
taining 1). In particular, an element x € A is nilpotent if and only if x belongs to every prime ideal of

A.

For a ring A and a (possibly infinite) set S, we denote by A[S] the polynomial ring over A in the
set of variables T} for all s € S. We use A[T1,...,T,] as a shorthand for A[{1,...,n}]. This ring has the
universal property: for any A-algebra B, giving a map of A-algebras A[S] — B is the same as giving a map
of sets 7: S — B. An A-algebra B is finitely generated (or “of finite type”) if there exists an A-algebra
surjection A[S] — B for a finite set S.

For an A-algebra B (i.e. a map A — B), a presentation of B over A is a triple (S,7,R) where S is a
set, Y: S — B is a map of sets such that the corresponding map ¥: A[S] — B is surjective, and R C A[S] is
a set which generates ker(¥) as an ideal. Thus B ~ A[S]/(R). We say that B is finitely presented over A
if it admits a presentation (S, y,R) where both S and R are finite. If S = {1,...,n} and R = {f1,..., f+},
we write

B:A[le---;Tn]/(fly---;fr>

for the quotient A[S]/(R). Thus a finitely presented A-algebra is one isomorphic to a quotient of the
above type. The above quotient has the following universal property: giving an A-algebra map B — C is
the same as giving elements 71,...,f, € C such that f;(¢1,...,t,) =0fori=1,...,r. Here fi(t1,...,t,) is
obtained by substituting formally the elements ¢; € C for the variables 7;.

A subset S C A is a multiplicative system if it contains 1 and is closed under multiplication. The lo-
calization A[S~'] is the ring consisting of fraction symbols a/s where a € A and s € S, where a/s = a' /s’
ift(as’—a's) = 0 for some ¢ € S, with the usual rules for multiplication and addition. Thus (1/s)(s/1) =1
and hence s/1 is a unit in A[S~!]. The map A — A[S™!] sending a to a/1 is a ring homomorphism and
has the following universal property: a map ¢ : A — B factors (uniquely) through A[S~!] if and only if
0(S) C B*. Key examples:

s For f € A, the set of powers S = {1,f,f?,...} is a multiplicative system and A[S~!] is denoted
more succinctly by A[f~!] (we have A[f '] ~ A[T]/(fT — 1), in particular it is finitely presented
over A).

e If p C A is a prime ideal, then A \ p is a multiplicative system, and we denote A[(A\ p) '] by A,
and call it the localization at p. It is a local ring with unique maximal ideal p - A,.

* In the special case p = (0) in a domain A, the ring A ¢) is a field, called the fraction field of A and
denoted by Frac(A).

131



In general, the kernel of A — A[S™!] consists of all x € A such that xy = 0 for some y € S, and prime
ideals in A[S™!] correspond to prime ideals of A which are disjoint from S. For a prime ideal p C A, we
denote by Kk(p) the residue field of the local ring A, or equivalently the fraction field of the quotient A /p
(we call it the residue field of p).

B.2. The spectrum

For aring A, we denote by Spec(A) the set of all prime ideals of A, called the spectrum of A. However, we
treat its elements (points) as independent beings, and for x € Spec(A) we write p, for the “corresponding
prime ideal.” For x € Spec(A), we denote by k(x) the residue field k(p,), and for f € A we write f(x) for
the image of f in x(x). Thus f € A defines a “field-valued function” on Spec(A), where the codomain
Kk (x) depends on the point x. Then f € A is a unit if and only if f(x) # 0 for all x € Spec(A), and nilpotent
if and only if f(x) = 0 for all x € Spec(A).
For f € A, we write
D(f) = {x € Spec(A) : £(x) # 0} C Spec(A)

(in terms of prime ideals, this is the set of primes containing f). We have D(fg) = D(f) N D(g). We
give Spec(A) the topology generated by these sets; thus Z C Spec(A) is closed if and only if Z = V(1)
for some ideal / C A, where

V(I)={x € Spec(A) : f(x) =0forall f €I} C Spec(A).

The construction I — V (I) defines a bijection between radical ideals of A and closed subsets of Spec(A).

The space Spec(A) is Ty (for x # y we can find an open subset containing exactly one of x,y) but
typically not Hausdorff. It is quasi-compact (every open cover has a finite subcover), and so are its base
open subsets D(f) ~ Spec(A[f!]).

An element x € A is idempotent if x> = x; then y = 1 —x is also idempotent, and A ~ A/ (x) x A/(y).
The space Spec(A) is the disjoint union of V (x) = Spec(A/(x)) = D(y) and V(y) = Spec(A/(y)) = D(x).
Conversely, if Z C Spec(A) is a clopen subset, then Z = V(x) for an idempotent x.

On a topological space X, a point x is a specialization of a point y (we write y ~ x) if x belongs to
the closure of {y}. On Spec(A), we have y ~» x if and only if p, C p,. In particular, closed points are
those whose corresponding prime ideal is maximal. The set of all closed points of Spec(A) is denoted
by MSpec(A) and called the maximal spectrum of A. If A is a domain, we denote by 1 € Spec(A) the
point corresponding to the prime ideal (0), and call it the generic point of Spec(A). It specializes to
every other point.

A ring map ¢*: A — B induces a continuous map ¢: Spec(B) — Spec(A) (here we use the geome-
ter’s notation, treating Spec as the primary object). In the special case of the quotient A — A/I = B, this
map is a homeomorphism of Spec(A/I) onto V(I). For the map A — A[f~!] = B, the map is a homeo-
morphism of Spec(A[f~!]) onto D(f). (Thus we think of A/I as “functions on V(I)” and of A[f~!] as
“functions on D(f)” — we will make this precise later using sheaves.) For a domain A, a map A — B is
injective if and only if the generic point 11 € Spec(A) is in the image of Spec(A) — Spec(B).

For a map ¢*: A — B and x € Spec(A), the fiber ¢~ (x) C Spec(B) is naturally homeomorphic to
Spec(B ®4 k(x)) (see the next section for the definition of ®).

A topological space X is irreducible if it is nonempty and cannot be expressed as the union X =
Yo UY; of two proper closed subsets ¥; C X. The spectrum Spec(A) is irreducible if and only if 1/0 is a
prime ideal (for example, if A is a domain), in which case the corresponding point 17 € Spec(A) is the
unique generic point (meaning that {1} is dense). More generally, for any A, every irreducible closed
subset Z C Spec(A) is of the form {x} for a unique point x € Spec(A) (in fact, Z = V(p,) = Spec(A/p.)).

A topological space X is Noetherian if every increasing sequence of open subsets is stabilizes, or
equivalently if every open subset U C X is quasi-compact. For example Spec(A) is Noetherian if A is a
Noetherian ring (see below for the definition of a Noetherian ring). A Noetherian topological space can
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be written uniquely as a finite union of irreducible closed subsets (called its irreducible components)
X =Z;U...UZ, such that Z; is not contained in Z; for i # j.

B.3. Modules

A module M over a ring A is an abelian group (M,0,+) together with a map -A x M — M which is
unital, bilinear, and associative in the sense that

1-m=m, (x+x)-(m+m)=x-m+x -m+x-m'+x-m', (x-x')m=x-(x'-m)

for x,x’ € A and m,m’ € M (note that the first - in the third formula denotes multiplication in A). Modules
over a field k are precisely the k-vector spaces. A morphism from an A-module M to an A-module N is
a homomorphism of abelian groups ¢ : M — N such that ¢ (x-m) = x- ¢(m). Modules over A form a
category denoted by Mod,4.

The ring A is an A-module in the obvious way, and a map of A-modules A — M is the same datum
as an element of M (via evaluation on 1 € A). The zero abelian group 0 is an A-module in a unique way,
and is both the initial and final object of Mod4. A submodule of A is the same as an ideal. There is a
natural way of endowing the direct sum or direct product of a family of A-modules with the structure of
an A-module. Finite direct sums coincide with finite direct products. The kernel, cokernel, and image of
a map of A-modules is an A-module. An A-module is free if it is of the form A®S for some set S. A map
0: AR 5 ADS between free modules is the same as an R x S matrix [6; j],-e& jes of elements of A such that
for every i € R we have 6;; = 0 for all but finitely many j. An A-module M is finitely generated (or “of
finite type”) if there exists a surjection A" — M for some integer n > 0. A presentation of an A-module
M is a map between free A-modules 6: APF — A5 together with an identification coker(0) ~ M. We
say that M is finitely presented if it admits a presentation with both S and R finite.

A ring A is Noetherian if every ideal I C A is finitely generated. Over a Noetherian ring, every
increasing chain of ideals is eventually constant, and the submodule of a finitely generated module is
finitely generated. In particular, every finitely generated module is finitely presented. Every quotient A /1
and localization A[S~!] of a Noetherian ring A is Noetherian. Moreover, we have the

Theorem B.3.1 (Hilbert’s basis theorem). Let A be a Noetherian ring and let B be a finitely generated
A-algebra. Then B is Noetherian and finitely presented over A.

In particular, a finitely generated algebra over a field k or over Z is Noetherian.

A ring is a principal ideal domain PID if it is a domain in which every ideal is principal (in particular
such a ring is Noetherian). Over a PID, one has the following structure theorem for finitely generated
modules.

Theorem B.3.2 (Modules over a PID). Let A be a PID and let M be a finitely generated A-module. Then
M~A"SA/(fi") & SA/(f")

where r > 0 and fi,...,fn € A are prime elements (meaning that each f; generates a nonzero prime

ideal).

For an A-module M and a point x € Spec(A), we write M(x) for the base change M ®4 k(x) to the
residue field. It is a vector space over k(x), called the fiber of M at x, which is of finite dimension if M
is finitely generated.

Lemma B.3.3 (Nakayama). Let M be a finitely generated A-module. Then M is zero if and only if
M (x) = 0 for every closed point x € Spec(A).
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Thus if A is a local ring and M is a finitely generated A-module, then M = 0 if and only if M = msM.
More generally, for a finitely generated M over a local A, elements my,...,m, € M generate M if and
only if their images span M ®4 kg = M /msM as a vector space over kg = A/my.

A (finite or infinite) sequence of maps of A-modules

Mr] a! M" a Mrt] .

is a complex if "~ ! od" = 0 for all n. Its n-th cohomology module is the quotient H" = ker(d") /im(d"~!).
If H" =0, we say that the sequence is exact at the n-th term; if this holds for all n, we say that the complex
is exact (or “acyclic”). For example,

M—2=N 0 0
being exact means that Q ~ coker(a), and M — N — 0 is exact if o is surjective. Analogously,

o

0 K M N

being exact means K ~ ker(a), and 0 — M — N is exact if « is injective. Finally, a short exact sequence
is an exact sequence of the form

0 M M M" 0

which means that M’ is a submodule of M and M" = M /M.

The tensor product of two A-modules M and N is an A-module M ®4 N determined by the universal
property: morphisms of A-modules M ®4 N — P into an A-module P correspond to A-bilinear maps
M x N — P. It is generated by the symbols m ® n (where m € M and n € N) subject to the relations

(m+m)@n=m@n+m @n, me(n+n)=m@n+men’, xmRn=meaxn

form,m’ € M, n,n’ € N, and x € A. We have the relations (or: canonical isomorphisms satisfying certain
compatibilities we neglect to mention)

(MRON)QP~M®@(N®P), MRA=M, MRN~NM, M (N®&N)=MN)®MN').

The set Hom(M,N) of all A-module maps M — N is an A-module in the obvious way. For A-modules
M, N, and P we have a natural isomorphism

Hom(M ®4 N, P) ~ Hom(M,Hom(N, P)).

Proposition B.3.4 (Tensor product is right exact). Let M' — M — M" — 0 be an exact sequence of
A-modules and let N be an A-module. Then the sequence

M/®ANHM®ANHM”®ANHO
is exact.

This result allows us to describe M ®4 N in practice as follows. Let 8 : A% — A%S be a presentation
of M, so that APR — ADS 5 M — 0 is exact. Then

NOR OEN_ s M@y N —>0

is exact, where @ ® N is the map given by “the same matrix” as 6. Thus M ®4 N ~ coker(6 @ N).

We say that an A-module N is flat if tensoring with it preserves short exact sequences (or equivalently,
M' @4 N — M ®4 N is injective if M’ — M is injective). Free modules are flat. Over a local ring one has
the following partial converse, proved using Nakayama’s lemma:
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Lemma B.3.5. A finitely presented flat module over a local ring is free.

If ¢*: A — B is a map of rings, we can treat B as an A-module. More generally, a B-module can
be treated as an A-module via the formula x-m = ¢*(x) - m. This gives a functor ¢, : Modz — Mody4
(called the forgetful functor). In the other direction, if M is an A-module, the tensor product B®4 M has
a natural B-module structure, given by b (b’ @ m) = bb’ @ m. The module ¢*(M) = B®4 M is called the
base change of M to B. This construction gives a (right-exact) functor ¢*: Mod4 — Modp. We have a
natural isomorphism, for an A-module M and a B-module N,

Homg(¢p*M,N) ~ Homy (M, ¢.N)

(that is, ¢* is the left adjoint to ¢,.).

We say that ¢*: A — Bis flat if B is flat as an A-module, or equivalently if the base change functor ¢*
is exact. Crucially, any localization A — A[S~!] is flat, and for an A-module M, we have M ®4 A[S~!] =
M(S~'] (the module of fractions m/s, m € M and s € S).

Let B and C be A-algebras. Their tensor product D = B®4 C is then an A-algebra with multiplication
given by (b®c)(b' @ ') =bb' @cc’. The maps B— D, b+ b®1 and C — D, ¢ — 1 ® ¢ are well-
defined A-algebra maps, and D is the categorical coproduct of B and C in the category of A-algebras
CAlg,. It can be computed in practice as follows. Let C = A[S]/(R) be a presentation of C over A. Then
D = ¢*(C) ~ BI[S]/(R") where R’ is the image of R under the map A[S] — B[S] induced by the given
map ¢: A — B. Two special cases are of note: if B = A/I, then D = C/IC, and if B = A[S™!], then
D = C[¢(S)~!]. We call D the base change of A — B to C. We say that a property of morphisms P is
stable under base change if C — D has P whenever A — B has P.

Let ¢: A — B be a map of rings and let M be a B-module. An A-linear derivation of B into M is an
A-module map 6: B — M satisfying the Leibniz rule

S (xy) = y6(x) +x0(y).

The module of Kihler differentials is a B-module Q} /A

Qé /A which is universal in the following sense: for every A-linear derivation §: B — M there exists

together with an A-linear derivation d: B —

a unique B-module map & : Qzla a7 M such that § = § od. The module Qllg /A is generated as a B-
module by the symbols df (f € B) subject to the rules d(fg) = fdg+gdf, d(f +g) = df +dg, and
d(¢*(a)) =0 (for f,g € B and a € A). Given a presentation B = A[S]/(R) of B over A, we have the
following presentation of Qzla /a 852 B-module

seS

Qpy 4 (@B-dn) J(df : f€R)

where for f € R C A[S], we write df =Y (c5(df/dT;)dT; where d /9T is the usual formal derivative.
In particular, if B is finitely presented over A, then Qll; /A is a finitely presented B-module.

B.4. Integrality and applications

Let A — B be a map of rings and let x € B. We say that x is integral over A if it satisfies a monic
polynomial equation over A:

SHax M+ 4a,=0, ai,...,a, €A.

Elements of B which are integral over A form a subring A’ of B containing the image of A, called the
integral closure of A in B. If A’ = A, we say that A is integrally closed in B. If A is a domain, we say
that A is integrally closed or normal if A is integrally closed in Frac(A).
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Theorem B.4.1 (Finiteness of integral closure). Let A be a domain which is a finitely generated k-
algebra, let K be its field of fractions, and let L be a field extension of K of finite degree (possibly L = K).
Let B C L be the integral closure of A in L. Then A — B is finite. In particular, B is of finite type over k.

A morphism A — B is integral if every x € B is integral over A, and finite if B is a finitely generated
A-module. A map is finite if and only if it is integral and of finite type. Both finite and integral maps are
stable under composition and base change.

Proposition B.4.2 (Going-up). Let A — B be an integral map of rings, then the map Spec(B) — Spec(A)
is closed. In particular, if A is a domain and A — B is injective, then Spec(B) — Spec(A) is surjective.

The following result is extremely useful:

Proposition B.4.3 (Noether normalization lemma). Let k be a field and let A be a finitely generated
k-algebra. Then there exists an n > 0 and a finite injective k-algebra map

k[Ti,...,T,) < A.
In fact, n = dim(A) (see below). This lemma is used in some of the proofs of the Nullstellensatz.

Theorem B.4.4 (Essential Nullstellensatz). Let k be a field and let L be a field extension of k. If L is
finitely generated as a k-algebra, then it is a finite extension of k.

Corollary B.4.5 (Hilbert’s Nullstellensatz). Let k be an algebraically closed field and let A be a finitely
generated k-algebra. For every maximal ideal m C A, we have A/m = k (meaning thatk — A — A/m is
an isomorphism). This establishes a bijection

MSpec(A) ~ Homy (A, k).
Let us record an elementary formulation of the Nullstellensatz.

Corollary B.4.6 (Elementary Nullstellensatz). Let k be an algebraically closed field and let f1, ..., fr,g €
k[Ty,...,T,] be polynomials in n variables. Suppose that for all (xi,...,x,) € k" such that

filx1y..o,x0) =0 i=1,...,r

we have g(xi,...,x,) = 0. Then there exists an integer m > 1 and polynomials hy, ... h, € k[Ty,...,T,]
such that fihy+ -+ fh, = g".

The following result of Chevalley describes images of maps between spectra. A subset W C X of a
Noetherian space X is constructible if it is a finite union of locally closed subsets.

Theorem B.4.7 (Chevalley). Let A be a Noetherian ring and let B be an A-algebra of finite type. Then
for every constructible subset W C Spec(B), the image of W in Spec(A) is constructible.

B.5. Dimension theory

The Krull dimension dim(A) of a ring A is the supremum of the set of integers n > 0 for which there
exists a chain of prime ideals pg C --- C p,, of A with p;_| # p; for all i. If A is a local Noetherian ring or
a finitely generated algebra over a field, then dim(A) is finite.

For a Noetherian local ring A, we have dim(A) < dimy, (ms/m3). If equality holds, we say that A is
regular. The following result is not so easy to prove:

Theorem B.5.1. A regular local ring is a unique factorization domain.
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The transcendence degree trdeg(K/k) of a field extension K/k is the cardinality of any maxi-
mal subset § C K which is algebraically independent over k (meaning that for x;,...,x, € § and f €
k[T1,...,T,] we have f(xi,...,x,) # 0). The extension K /k is algebraic if and only if trdeg(K/k) = 0.
If K is finitely generated over k, then K is a finite (algebraic) extension of the field of rational functions
k(Ty,...,T,) (the fraction field of k[T7,...,T,]) where n = trdeg(K /k).

Theorem B.5.2. Let A be a finitely generated domain over a field k and let K = Frac(A). Then dim(A) =
trdeg(K /k).
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